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Simultaneous sensitivity analysis for observational
studies using full matching or matching with
multiple controls
Dylan Small, Joseph L. Gastwirth, Abba M. Krieger, and
Paul R. Rosenbaum∗
unobserved covariate u, and in §4, some limited results and
a conjecture are given concerning a covariate that is not
In a matched observational study, a sensitivity analysis binary.
asks how the conclusions of the study would change if the
matching had failed to adjust for an unobserved covariate
2. MODEL AND METHODOLOGY
with particular attributes. A ‘simultaneous’ sensitivity analysis characterizes the unobserved covariate u in terms of
2.1 Full matching and matching with
two sensitivity parameters which relate u to treatment and
multiple controls
to response. In a previous paper, we proposed a simultaThere are I matched sets, i = 1, . . . , I, matched for obneous sensitivity analysis for matched pairs. The current
paper extends this to matching with multiple controls and served covariates, x, and within
 set i there are ni ≥ 2 sub,
and
N
=
ni subjects in total. If the
jects,
j
=
1,
.
.
.
,
n
i
to full matching, using the technique of asymptotic separath
subject
in
set
i
received
the
treatment, write Zij = 1;
j
bility. An example concerns the possibility that the military
otherwise
this
subject
received
the
control, and we write
caused an increase in smoking by soldiers by various proni
=
0.
Write
m
=
Z
for
the
number of treated
Z
ij
i
grams that subsidized cigarettes.
j=1 ij
subjects in matched set i. In a full matching, each set contains either one treated subject and ni − 1 controls or ni − 1
treated subjects and one control, so mi = 1 or mi = ni −1 for
1. INTRODUCTION
each i. In pair matching, ni = 2 and mi = 1 for i = 1, . . . , I.
In an observational study of treatment eﬀects, subjects In matching with multiple controls, ni ≥ 2 and mi = 1 for
are not randomly assigned to treatment or control, as would i = 1, . . . , I. In matching with a ﬁxed number of controls,
happen in a randomized trial (Cochran 1965). In conse- mi = 1 and ni is the same for all i, while in matching
quence, diﬀering outcomes after treatment may not be ef- with variable controls, ni varies with i. For instance, one of
fects caused by the treatment, and may instead reﬂect some the studies of aspirin as a cause of Reyes syndrome in chilform of bias in treatment assignment. Recorded diﬀerences dren was matched with multiple controls (Hurwitz, et al.
in pretreatment covariates may often be removed by adjust- 1985).
There is a sense in which full matching is the optimal
ments, for instance, by matching, but there is invariably
form
of stratiﬁcation on covariates, speciﬁcally in making
concern that some important covariate was not measured,
subjects
in the same stratum as comparable as possible.
and hence not controlled by the adjustments. A sensitivity
It
is
possible
to show that, under very mild conditions:
analysis asks: What would this unobserved covariate have to
(i)
among
all
divisions
of treated and control subjects into
be like in order to alter the conclusions of the study? For varstrata
containing
at
least
one treated subject and one conious discussions of sensitivity analysis, see Cornﬁeld, et al.
trol,
there
is
a
full
matching
which minimizes the average
(1959), Rosenbaum and Rubin (1983), Rosenbaum (1987),
distance
between
treated
and
control subjects in the same
Gastwirth (1992), Imbens (2003), Diprete and Gangl (2004),
stratum, and (ii) for continuous covariates, with probabiland Wang and Krieger (2006).
ity one, a stratiﬁcation that minimizes the average distance
In the current paper, we extend a method of sensitivity
within strata is necessarily a full matching; see Rosenbaum
analysis for matched pairs proposed by Gastwirth, Krieger
(1991). Intuitively, if a stratiﬁcation is not a full matchand Rosenbaum (1998) to the case of matching with sets
ing, if min (mi , ni − mi ) > 1 for some i, then stratum i
larger than pairs. The proposed model and methodology are
can be subdivided without increasing the average distance
discussed in §2, and an example is developed in detail in §3.
within strata, and in the continuous case, there is a subUnlike our previous work, we restrict attention to a binary
division which decreases the average distance except on a
∗ Supported by a grant from NSF.
set of probability zero. An optimal full matching may be

Table 1. Variance multiplier for a treated-minus-average
control matched set diﬀerence when matching with ni − 1
controls. With 2 controls rather than matched pairs, the
reduction in variance is the same as that obtained by using
inﬁnitely many controls rather than 2 controls.
ni − 1

1

2

4

10

∞

1
ni −1

2

1.5

1.25

1.1

1

1+

found using algorithms for minimum cost ﬂow in a network
(Rosenbaum 1991, Hansen and Klopfer 2006), and Hansen
(2007) has implemented the algorithm in the optmatch package of the R statistical package (R Development Core Team
2007). Hansen (2004) discusses an example of full matching. Full matching is particularly useful when there are certain covariate values such that most subjects are treated
and other covariate values such that most subjects are controls.
When there are comparatively few treated subjects and
many potential controls, matching with multiple controls
(mi = 1, ni ≥ 2) can have greater eﬃciency than pair
matching (mi = 1, ni = 2). Under the simple model associated with a paired t-test, with additive pair eﬀects, a
constant treatment eﬀect, and independent errors with condiﬀerstant variance σ 2 , the treated-minus-average-control


ence in pair i has variance σ 2 1 + ni1−1 . Table 1 shows the
multiplier for ni − 1 = 1, 2, 4, 10, and ∞ controls matched
to a treated subject. Clearly, there is large gain from using
two controls rather than matched pairs, a meaningful gain
from using four controls rather than two, but the returns
to additional controls diminish quickly after that. Smith
(1997) presents a detailed discussion of the choice of ni in
an example of matching with a ﬁxed number of controls;
see also Haviland, et al. (2008) for another example. Ming
and Rosenbaum (2000) show that matching with a variable
number of controls can remove substantially more bias than
matching with a ﬁxed number of controls. For an example of
matching with a variable number of controls, together with
detailed eﬃciency results, see Haviland, et al. (2007).
Each subject ij has two potential responses, (rT ij , rCij ),
where subject (i, j) would exhibit response rT ij under treatment (Zij = 1) or response rCij under control (Zij = 0),
and the eﬀect caused by the treatment, rT ij − rCij , is not
observed for any subject; see Neyman (1923) and Rubin
(1974). The response actually observed from (i, j) is the response under the treatment (i, j) actually received, namely
Rij = Zij rT ij +(1 − Zij ) rCij . Fisher’s (1935) sharp null hypothesis of no treatment eﬀect asserts H0 : rT ij − rCij = 0,
∀ij. The treatment has a constant eﬀect τ if rT ij − rCij = τ ,
∀ij, in which case Rij = τ Zij + rCij . If there is a test for
no eﬀect, then the hypothesis Hτ0 : rT ij − rCij = τ0 , ∀ij, is
tested by computing, from the data and the null hypothesis,
the adjusted responses, Rij − τ0 Zij , which equal rCij if the
hypothesis is true, and testing for no eﬀect on these adjusted
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responses; by inversion, this yields a conﬁdence interval for a
constant eﬀect τ . In complete generality, a hypothesis about
treatment eﬀects is Hτ 0 : rT ij − rCij = τ0ij , ∀ij, where
T
τ 0 = (τ011 , . . . , τ0I,nI ) is a speciﬁed N -dimensional vector.
This general hypothesis Hτ 0 is tested by computing adjusted
responses, Rij − τ0ij Zij , which equal rCij if the hypothesis
is true, and testing for no eﬀect on these adjusted responses.
In this way, any hypothesis about treatment eﬀects may be
converted into a test of no eﬀect. The general hypothesis,
Hτ 0 , may be inverted to yield conﬁdence intervals for attributable eﬀects which summarize the plausible values τ 0 ;
see Rosenbaum (2002, 2003). In light of these considerations,
our discussion focuses on tests of the null hypothesis of no
treatment eﬀect, H0 : rT ij − rCij = 0, ∀ij, because tests of
other hypotheses and conﬁdence intervals are immediately
available once this problem is solved.
In the discussion here, we assume that matching has controlled the observed covariates xij , so that x varies between
but not within matched sets, xij = xik for ∀i, j, k. Our concern is with an attribute or binary covariate, uij , uij = 0
or uij = 1, which was not observed and hence not controlled by matching, so that possibly uij = uik for j = k.
Write ui = (ui1 , . . . , ui,ni )T for the ni dimensional vector for
matched set i, i = 1, . . . , I, and u = (u11 , . . . , uI,nI )T =
(uT1 , . . . , uTI )T for the N -dimensional vector. In parallel,
write rC = (rC11 , rC12 , . . . , rCI,nI )T = (rTC1 , . . . , rTCI )T and
Z = (Z11 , Z12 , . . . , ZI,nI )T = (ZT1 , . . . , ZTI )T .

2.2 Model in the population before
matching
In the population before matching, the model states that
distinct subjects are mutually independent, that


(1)
Zij | | rCij  xij , uij ,


where A | | B  C is Dawid’s (1979) notation for conditional
independence of A and B given C,
(2)

Pr ( Zij = 1 | xij , uij ) =

exp (βi + γuij )
,
1 + exp (βi + γuij )

Pr ( Zij = 0 | uij ) = 1 − Pr ( Zij = 1 | uij ), and
(3)
Pr ( rCij = r | xij , uij ) = exp {ζi (uij ) + κi (r) + δruij }
where βi , γ, and δ are unknown numbers, κi (·) is an
unknown function, and ζi (uij ) is a normalizing constant  ensuring that (3) integrates to one, ζi (uij ) =
− log exp {κi (r) + δruij } dr. In (2) and (3), βi and κi (·)
vary with i to reﬂect the covariates xij that are controlled in
forming matched set i, where xij = xik . The sensitivity parameters γ and δ determine the strength of the relationship
between the unobserved covariate uij and, respectively, the



exp δuTi ri
treatment assignment Zij and response under control, rCij .
 T ,
×
Condition (1) says that uij is the relevant unobserved covari−
r Ci ) exp δui wi
wi ∈Orb(→
ate, in the sense that treatment Zij and response under control rCij are dependent only because of their dependence on
so for any function t (Z, rC ),
uij . Because βi and κi (r) are not restricted in any way, (2)
and (3) are models only in specifying the form of the rela(5)
tionship between uij and Zij and between uij and rCij ; that

→
is, if uij were irrelevant, in the sense that γ = δ = 0, then
Pr t (Z, rC ) ≥ k | −
r C , m, X, u
(2) and (3) would permit any possible relationship between
χ {t (z, r) ≥ k}
=
the matching characteristics xij and Zij and between xij
→
−
z∈Orb(Z)
r∈Orb( r C )
and rCij . Motivation for a focus on binary uij is provided




by Wang and Krieger (2006).
exp γuT z
exp δuT r

×
,
T
T
−
2.3 Permutation distributions in the
b∈Orb(Z) exp (γu b)
r C ) exp (δu w)
w∈Orb(→

matched sample
From the population model (1)–(3), matched samples are
constructed by sampling
ni in such a way that xij = xik for
∀i, j, k with mi = j=1
Zij ﬁxed. Write X for the matrix
with N rows containing the xTij . Because attention is restricted to full matching, in the discussion here, it is always
the case that mi = 1 or mi = ni − 1 for i = 1, . . . , I. Write
T
m = (m1 , . . . , mI ) . Let Πni be the set of the ni ! permutation matrices of size ni × ni ; that is, Πni contains matrices
π i of size ni × ni in which each row and column contains
a single 1 and ni − 1 zeros. Then π i rCi permutes the ni
responses to control within matched set i. Let Π be the set
containing the n1 ! × · · · × nI ! block diagonal N × N matrices whose ith diagonal block π i is in Πni for i = 1, . . . , I,
so a matrix π ∈ Π acts on rC through πrC to permute responses within the I matched sets. Write |A| for the number
of elements in a ﬁnite set A, so |Πni | = ni !.
For a vector wi of dimension ni , let Orb (wi ) =
{π i w : π ∈ Πni }, and for a vector w of dimension N , let
Orb (w) = {πw : π ∈ Π}. If the coordinates of rCi were all
diﬀerent, then |Orb (rCi )| = ni !, but |Orb (rCi )| would be
smaller if some coordinates were tied. Also, because mi = 1
or mi = ni − 1, the coordinates of Zi are always tied in
such a way that |Orb (Zi )| = ni . Notice that m alone determines Orb (Z). Write rCi(j) for the order statistics of the
rCij within matched set i, so rCi(1) ≤ · · · ≤ rCi(ni ) for
→
i = 1, . . . , I, and write −
r Ci = {rCi(1) , rCi(2) , . . . , rCi(ni ) }
→
for the ni -dimensional vector, i = 1, . . . , I, and −
rC =
→
−
→
−
T
T
T T
{rC1(1) , rC1(2) , . . . , rCI(nI ) } = ( r C1 , . . . , r CI ) for the
→
N -dimensional vector. Notice that −
r C determines Orb (rC ).
Using (1)–(3)
(4)
→


Pr Z = z, rC = r  −
r C , m, X, u




exp γuT z
exp δuT r

=
T
T
−
b∈Orb(Z) exp (γu b)
r C ) exp (δu w)
w∈Orb(→


I

exp γuTi zi
 T 

=
bi ∈Orb(Zi ) exp γui bi
i=1

where χ (E) = 1 if the event E occurs and χ (E) = 0 otherwise.
Let U be the set of possible values of u. Because uij = 0
or uij = 1, there are |U| = 2N possible values of u; however,
it is not necessary to consider all of these.
 Because of the
→
−
sum over all z ∈ Orb (Z) and r ∈ Orb r C , the value of (5)
is unchanged by replacing u by πu for π ∈ Π. In light of
this, it suﬃces to consider the ni + 1 possible values of ui
with ui1 ≤ ui2 ≤ · · · ≤ ui,ni .
We are particularly interested in statistics of the form
t (Z, rC ) = ZT q where q = q (rC , m) with the invariance
property πq (rC , m) = q (πrC , m) for π ∈ Π. For instance,
this invariance property holds with: (i) q (rC , m) = rC , (ii)
qij (rC , m) equal to the rank of rCij among rCi1 , . . . , rC,ni ,
and (iii) qij (rC , m) equal to the rank of the aligned reni
rCi , among all N aligned response, rCij − (1/ni ) =1
sponses. In matched set i, for k = 0, . . . , ni , deﬁne uk =
T
(0, 0, . . . , 0, 1, 1, . . . , 1) as the vector with k zeros followed
by ni − k ones,
zTi qi (r, m)

μik =
−
zi ∈Orb(Zi ) ri ∈Orb(→
r Ci )



exp γ uTk zi


×
T
bi ∈Orb(Zi ) exp γ uk bi


exp δ uTk ri
 T 
×
−
r Ci ) exp δ uk wi
wi ∈Orb(→

and


2
=
σik

zTi qi (r, m) − μik

2

−
zi ∈Orb(Zi ) ri ∈Orb(→
r Ci )



exp γ uTk zi
 T 
bi ∈Orb(Zi ) exp γ uk bi


exp δ uTk ri
 T 
×
−
wi ∈Orb(→
r Ci ) exp δ uk wi

×
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→
with r diﬀering from −
r C only in set i,
⎤
⎡ −
→
r C1
⎥
⎢
..
⎥
⎢
.
⎥
⎢ −
⎥
⎢ →
⎢ r C,i−1 ⎥
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⎢
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r=⎢
⎥
→
⎥
⎢ −
⎢ r C,i+1 ⎥
⎥
⎢
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⎦
⎣
.
→
−
r
CI

Also, let
μi max =

max

k∈{0,1,...,k}

μik

Ai = {k : μik = μi max }
σi2max

2
= max σik
.
k∈Ai

By Proposition 1 in Gastwirth, J. L., Krieger, A. M. and
Rosenbaum, P. R. (2000),

→
max Pr t (Z, rC ) ≥ k | −
(6)
r C , m, X, u
u∈U
⎛
⎞
I
k
−
μ
i max ⎠
≈ 1 − Φ ⎝  i=1
,
I
2
σ
i=1 i max
in the sense that the diﬀerence between the two sides of (6)
tends to zero as I → ∞ for the well behaved statistics
t (Z, rC ) = ZT q.

3. AN OBSERVATIONAL STUDY OF THE
EFFECT OF MILITARY SERVICE ON
SMOKING
3.1 Background
Several studies have found that among U.S. men, military
veterans smoke more than nonveterans (Bray, Marsden and
Peterson, 1991; Feigelman, 1994; Kroutil, Bray and Marsden, 1994; Klevens, Giovino, Peddicord, Nelson, Mowery
and Grummer-Strawn, 1995; McKinney, McIntire, Carmody
and Joseph, 1997). Reasons why military service might cause
an increase in smoking include cigarettes being sold at reduced prices in U.S. military commissaries; cigarettes being
distributed freely in rations to personnel stationed overseas
(this was discontinued in 1975); the stress and boredom of
military life; and the targeting of military personnel by the
cigarette industry through advertising linking patriotism,
strength and toughness with smoking (McIntire, Carmody
and Joseph, 1997). However, the association between military service and smoking might not be causal. The group
of veterans might diﬀer from nonveterans in family background, mental and physical aptitude and many other characteristics, and these diﬀerences might fully explain the association between smoking and military service rather than
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any causal eﬀect of military service on smoking. To study
the eﬀect of smoking on military service, we undertook an
observational study using the Wisconsin Longitudinal Study
(WLS), an especially detailed longitudinal study.

3.2 Data
The WLS began its data collection with high school seniors in 1957 in Wisconsin. The respondents have been followed up to the present day with periodic surveys. For two
of the many empirical studies based on the WLS, see Singer,
Ryﬀ, Carr and Magee (1998) and Warren, Sheridan and
Hauser (2002).
We deﬁne veteran status using the question asked in 1975,
“Have you ever been in the military”? We remove all men
for whom the answer to the veteran status question is missing and also remove men who served in the military but
were reserves. Our outcome is pack years smoked based on
data from the 1992–1993 survey (when respondents were
approximately 53 years old). Speciﬁcally, pack years is deﬁned as the multiplication of the answers to the following
two questions asked in 1992–1993: (1) For how many years
did/have you smoked regularly; and (2) About how many
packs did/do you usually smoke per day now. We remove all
men for whom some of the information needed to compute
pack years is missing. This leaves 1273 veterans and 1320
nonveterans.
The mean pack years for veterans is 20.6 and for nonveterans is 15.9. A two sample t-test of the null hypothesis that
veterans and nonveterans’ have the same mean pack years
gives a p-value of < 0.0001 and a 95% conﬁdence interval
for the mean diﬀerence between veterans and nonveterans
is (2.7, 6.7).
To investigate whether the positive association between
military service and pack years is causal, we consider the
following measured confounders: 1957 population of town
in which graduate attended high school (pop57), father’s
years of schooling (edfa57q), mother’s years of schooling
(edmo57q), family’s income when graduate was a senior in
high school (sesp57), denominational control of high school
– Catholic, other private, public (hsdm57), percentile rank
of grades in high school (hsrankq), whether or not teacher
consider graduate outstanding (tchevl), IQ score (gwiiq bm)
and main religious preference of family in 1957 (relfml).
Table 2 shows the standardized biases and p-values for
two sample t-tests comparing the measured confounders between the veterans and nonveterans (only the two largest
categories of religious denomination of family are shown).
The variables are ordered by absolute standardized biases.
There are signiﬁcant diﬀerences between veterans and
nonveterans on their high school performance and their IQs
with veterans doing worse in high school on average and
having lower IQs on average.

Table 2. Standardized biases and p-values for two sample
t-tests comparing veterans to nonveterans
Variable
High School Rank
Teacher Evaluation
IQ Score
Family Income
Catholic
Home Town Population
Father’s Education (years)
Catholic School
Mother’s Education (years)
Lutheran Religion

Standardized
Bias
−0.33
−0.14
−0.11
−0.06
0.05
−0.04
−0.04
−0.01
0.00
0.00

p-value for
t-test
< 0.01
< 0.01
< 0.01
0.17
0.19
0.27
0.29
0.81
0.91
0.96

3.3 Matching
We use full matching to control for diﬀerences on the measured confounders between veterans and nonveterans. There
was missing data on some of the measured confounders. We
include missing data indicators (edfa57qmis, edmo57qmis,
sesp57mis and hsrankqmis) as additional covariates for these
confounders with missing data. By including missing data
indicators as variables in the matching, we balance both
the observed data and missingness among the treatment
and control groups as suggested by Rosenbaum and Rubin (1984). We estimated the propensity score for being
a veteran by logistic regression of veteran status on the
measured confounders and the missing data indicators. For
units with missing variables, we substitute the mean value
of the variable for the units for which it is nonmissing. Because we are also including the missing data indicators in
the logistic regression, this mean substitution does not affect the propensity scores. We do not include observations
with missing values of a covariate when assessing balance on
the covariate. We use propensity caliper matching by constructing a distance using the Mahalanobis distance on the
ranks of the variables (the measured confounders and the
missing data indicators) and then adding a large penalty if
the diﬀerence in logit propensity score between two units
is greater than 0.2 standard deviations of the logit propensity score. We carried out the full matching using Hansen’s
(2004) optmatch package. The third column of Table 3 compares the standardized biases of the logit propensity score
for no matching, a full matching and several full matchings
with restrictions on the number of units in each stratum.
The second column of Table 3 reports a measure of the effective sample size in matched pairs for each matching (the
sum of the harmonic means of the treated and control units
in each stratum).
For a good balance between the eﬀective sample size in
matched pairs and control of bias, we will use the full matching with a maximum of 4 units in each stratum henceforth.
The structure of this matching is that it contains 62 strata

Table 3. Eﬀective sample size in terms of matched pairs of
various matchings and standardized biases for various
matchings
Type of Matching
No matching
Matched pairs
Full matching, maximum of 3 units
in stratum
Full matching, maximum of 4 units
in stratum
Unrestricted full matching

Sample
Size
–
1273
1229

Standardized
Bias
0.30
0.22
0.08

1201

0.06

1181

0.06

Table 4. Standardized biases before matching and after
matching
Variable
High School Rank
Teacher Evaluation
IQ Score
Family Income
Roman Catholic
Home Town Population
Father’s Educations (years)
Father’s Education Missing
Mother’s Education Missing
Family Income Missing
HS Rank Missing
Catholic
Mother’s Education (years)
Lutheran

Before
Matching
−0.33
−0.14
−0.11
−0.06
0.05
−0.04
−0.04
0.03
0.03
0.02
−0.02
−0.01
0.00
0.00

After
Matching
−0.02
−0.01
0.01
0.00
−0.01
0.00
0.00
0.02
0.02
0.02
0.00
0.02
0.01
0.00

with 3 veterans and 1 nonveteran, 68 strata with 2 veterans and 1 nonveteran, 793 matched pairs, 77 strata with 1
veteran and 2 nonveterans and 81 strata wtih 1 veteran and
3 nonveterans. The matching approximately balances all of
the covariates. Table 4 reports the standardized biases before and after matching. The numerator of the standardized
bias after matching is the average, over the treated units,
of the diﬀerence between a treated unit’s covariate value
and the average of the control units’ covariate values in the
treated unit’s stratum. The denominator of the standardized bias after matching is the same as the denominator of
the standardized bias before matching, the square root of
the average of the treated units’ and control units’ standard
deviations for the covariate. The covariates are listed in order of their absolute standardized biases before matching.
After matching, the absolute standardized bias is less than
or equal to 0.02 for all of the covariates.
The matched data set is available at http://www-stat.
wharton.upenn.edu/∼dsmall/. The entire Wisconsin Longitudinal Study is available at http://www.ssc.wisc.edu/
wlsresearch/.
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3.4 Sensitivity analysis

(Γ = 1.5, Δ = 2.5), as could an unobserved covariate that
increased the odds of serving in the military by 150% and the
Using the full matching described in the above section, an
odds of a higher pack years level by 50% (Γ = 2.5, Δ = 1.5).
aligned rank test of the null hypothesis that military service
does not cause an increase in pack years smoked gives a p4. BINARY VERSUS BOUNDED u:
value of 0.00004. This test is valid if treatment assignment is
RESULTS FOR ni = 3 AND A
randomized within sets. To investigate the impact of an unCONJECTURE
measured covariate, we carry out a simultaneous sensitivity
analysis that examines the impact of speciﬁed associations
In previous work, the unobserved covariate u was not bibetween the unmeasured covariate and becoming a veteran nary, u ∈ {0, 1}, but rather bounded, u ∈ [0, 1], and an
and the unmeasured covariate and the outcome. We use the explicit argument showed that the extreme u was either 0
following approach to make the sensitivity parameter Δ in- or 1. In contrast, in the current paper, we assume u is biterpretable. We replace the data with the aligned ranks of nary, rather than assuming u ∈ [0, 1] and deducing that the
the data divided by half the maximum of these ranks and bounds are provided by binary u. The current section shows
then let q be the identity function. In other words, we take this to be the case when there are three units in a matched
each observation minus the mean in its stratum, rank these set: the extreme u ∈ [0, 1] is always 0 or 1. We are not, so
residuals, let rC be the ranked residuals divided by half of far, able to show this in general, but we conjecture it is true
the maximum of the ranks and let q(rC ) = rC . To interpret in general. For somewhat related discussion, see Wang and
the sensitivity parameter Δ, consider two observations in the Krieger (2006).
same stratum, one treated and one control, for which one has
In this section we consider mathematical issues relating
aligned rank equal to the ﬁrst quartile of the aligned ranks to the dual sensitivity analysis considered in other sections.
and the other has aligned rank equal to the third quartile of For ease of exposition, we consider three individuals per strathe aligned ranks, and for which one has unobserved covari- tum. One of the three individuals receives the treatment and
ate uij equal to 1 and the other has unobserved covariate the other two the control. The values for the unobserved couij equal to 0. Then the odds that the observation with the variate for the three individuals are 0, x, and 1. The three
higher unobserved covariate also has the higher aligned rank responses in this stratum are denoted by R1 < R2 < R3 .
(and hence the higher response) is at least exp(−δ) = 1/Δ We can assume that R1 = 0, without loss of generality.
and at most exp(δ) = Δ.
The unobserved covariate aﬀects both the probabilities
The maximum p-values for various combinations of the that the three individuals receive the three responses and
sensitivity parameters Γ and Δ are shown in Table 5. If ei- simultaneously aﬀects which of the three individuals receives
ther the treatment is unrelated to the unobserved covariate, the treatment. Speciﬁcally, the probability that individual i
Γ = 1, or the response is unrelated to the unobserved co- receives the treatment is:
variate, Δ = 1, then the signiﬁcance level of .00004 from
Q1 (x; Γ) = 1/(1 + Γx + Γ)
the randomized experiment remains valid. An unobserved
covariate that increased the odds of serving in the miliQ2 (x; Γ) = Γx /(1 + Γx + Γ)
tary by 10% could not explain the large test statistic no
Q3 (x; Γ) = Γ/(1 + Γx + Γ),
matter how strongly that covariate is related to pack years
(Γ = 1.1, Δ = ∞); however, a covariate that increased where Γ = eγ for some γ > 0. There are six permutations
the odds of serving in the military by 20% could explain for the probabilities that the individuals receive each of the
it (Γ = 1.2, Δ = ∞). On the other hand, an unobserved three responses. Consider Pi1 ,i2 ,i3 which denotes the probacovariate that increased both the odds of serving in the bility that individuals 1, 2, and 3 receive responses Ri1 , Ri2
military and the odds of a higher pack years level by 20% and Ri3 respectively where (i1 , i2 , i3 ) represents a permutacould not explain the large test statistic (Γ = 1.2, Δ = 1.2). tion of the integers 1, 2, and 3. Let Δi = eδRi , where δ > 0.
An unobserved covariate that increased the odds of serv- Then these six probabilities are:
ing in the military by 50% and the odds of a higher pack
P123 = (Δx2 + Δ3 )/pT
years level by 150% could explain the large test statistic
P132 = (Δx3 + Δ2 )/pT
P213 = Δ3 /pT
Table 5. Sensitivity analysis: maximum p-values
P231 = Δx3 /pT
Γ
Δ = 1 Δ = 1.1 Δ = 1.2 Δ = 1.5 Δ = 2.5 Δ = ∞
P312 = Δ2 /pT
1
.00004
.00004
.00004
.00004
.00004
.00004
1.1 .00004
.00005
.00007
.00013
.00046
.00363
P321 = Δx2 /pT
1.2
1.5
2.5
∞

.00004
.00004
.00004
.00004

.00007
.00013
.00054
.01397
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.00011
.00040
.00418
.27703

.00039
.00428
.14282
.99979

.00329
.11298
.98001
1

.06464
.92932
1
1

where pT = P123 + P132 + P213 + P231 + P312 + P132 .
We want to determine the behavior of test statistics as a
function of the value of x. To this end, we ﬁrst consider the

probability that the treated person receives the largest re- We ﬁrst consider i). Since Q2 (1; Γ) = Q3 (1; Γ) = ΓQ1 (1; Γ),
sponse. The probability that each of the individuals receives the left-hand side can be written as
the largest response is,
Q1 (1; Γ){P1 (1) + Γ(1 − P1 (1)) − P1 (x) − Γ(1 − P1 (x))}
P1 (x; Δ2 , Δ3 ) = P312 + P321
= Q1 (1; Γ)(Γ − 1)(P1 (x) − P1 (1)) ≥ 0.
P2 (x; Δ2 , Δ3 ) = P132 + P231
The last inequality follows because P1 (x) is a decreasing
function of x as is shown in the Appendix.
Similarly for ii) ΓQ1 (0; Γ) = ΓQ2 (0; Γ) = Q3 (0; Γ), the
Since the argument ﬁxes the values of Δ2 and Δ3 , the specileft-hand
side can be written as
ﬁcation of these parameters is omitted in the exposition that
follows (i.e., we denote Pi (x; Δ2 , Δ3 ) as Pi (x)).
Q1 (0; Γ){(1 − P3 (0)) + ΓP3 (0) − (1 − P3 (x)) − ΓP3 (x))}
To maximize the probability that the treated individual
= Q1 (0; Γ)(Γ − 1)(P3 (0) − P3 (x)) ≥ 0.
receives the treatment is equivalent to maximizing
P3 (x; Δ2 , Δ3 ) = P123 + P213 .

g(x; Γ) = P1 (x)Q1 (x; Γ) + P2 (x)Q2 (x; Γ) + P3 (x)Q3 (x; Γ).

The last inequality follows because P3 (x) is a decreasing
function of x as is shown in the Appendix.

Theorem 1. The function g(x; Γ) is maximized when x is
either 0 or 1.
A similar argument will show that the probability that
Proof. This turns out to be a nontrivial calculus problem the treated subject receives either R or R occurs when
2
3
since g(x; Γ) is not convex. We begin with a few preliminar- x = 0 or x = 1. Even if the P-value were optimized by a
ies:
binary covariate, the issue of ﬁnding whether x = 0 or x = 1
1
i) Since Q1 (x; 1) = Q2 (x; 1) = Q3 (x; 1) = 3 and P1 (x) + for each individual grows exponentially with the number of
P2 (x) + P3 (x) = 1, it follows that g(x; 1) = 13 for all x. strata. The following example illustrates the complication.
ii) Let
Example. Consider the formulation above with R = 0,
1

Qi (x; Γ) − Qi (0; Γ)
βi (x; Γ) =
.
Qi (1; Γ) − Qi (0; Γ)
It turns out from the deﬁnition of Qi (x; Γ) (notably,
Q3 (x; Γ)/Q1 (x; Γ) = Γ and Q1 (x; Γ)+Q2 (x; Γ)+Q3 (x; Γ) =
1) that β1 (x; Γ) = β2 (x; Γ) = β3 (x; Γ) ≡ β(x; Γ). Hence,
Qi (x; Γ) = β(x; Γ)Qi (1; Γ) + (1 − β(x; Γ))Qi (0; Γ).

R2 = 2 and R3 = 2.2. Also let γ = δ = 2 so that Γ = e2 ,
Δ2 = e4 and Δ3 = e4.4 . Then
i) if x = 0, the probabilities the treated person receives
R1 , R2 and R3 are respectively .1115, .3776, .5109.
ii) if x = 1, the probabilities the treated person receives
R1 , R2 and R3 are respectively .0754, .4611, .4635.

This setup ﬁrst shows that the value of x that maximizes
the
P-value might be 0 or 1 (depending on the critical value).
It suﬃces to show that
In this example, if we want to maximize the probability
v(x; Γ) = β(x; Γ)g(1; Γ) + (1 − β(x; Γ))g(0; Γ) − g(x; Γ) ≥ 0. that the treated person receives a response exceeding 2, then
x = 0 provides the maximum. On the other hand if we
want to maximize the probability that the treated person
But
receives a response that is at least 2, then x = 1 provides
g(x; Γ) = β(x; Γ){P1 (x)Q1 (1; Γ) + P2 (x)Q2 (1; Γ)
the maximum.
More importantly, this example shows that the prob+ P3 (x)Q3 (1; Γ)} + (1 − β(x; Γ))
lem
is not separable when there is more than one strata.
× {P1 (x)Q1 (0; Γ) + P2 (x)Q2 (0; Γ)
Consider two strata each with the same values of Ri as
+ P3 (x)Q3 (0; Γ)}.
above. Consider the sensitivity analysis that requires maximizing P (Sum of the responses ≥ 4.2). If both individuals
Hence it is suﬃcient to show that
have x = 0, this probability is .51092 + 2(.5109)(.3776) =
.6469. If both individuals have x = 1, this probability is
i) (P1 (1) − P1 (x))Q1 (1; Γ) + (P2 (1) − P2 (x))Q2 (1; Γ)
.46352 + 2(.4635)(.4611) = .6423. But if one individual has
+ (P3 (1) − P3 (x))Q3 (1; Γ) ≥ 0
a value of x = 0 and the other x = 1, the probability is
.5109(.4635)+(.5109)(.4611)+(.4635)(.3776) = .6474. Since
and
having dispersed x values yields a larger optimum, this implies that if we set x = 0 in the ﬁrst stratum, then we need to
ii) (P1 (0) − P1 (x))Q1 (0; Γ) + (P2 (0) − P2 (x))Q2 (0; Γ)
assign x = 1 in the second and vice versa, hence the values
+ (P3 (0) − P3 (x))Q3 (0; Γ) ≥ 0.
are linked.
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5. SUMMARY
We have considered a simultaneous, two parameter sensitivity analysis for general forms of matching, including
matching with multiple controls and full matching. The
method extends ideas in Gastwirth, Krieger and Rosenbaum
(1998) for matched pairs. Results were illustrated in a study
of the eﬀects of military service on smoking habits.

6. APPENDIX: DETAILS OF A PROOF
In this appendix we show that P1 (x) and P3 (x) are decreasing functions of x. Let
D(x) = Δ2 + Δx2 + Δx3 (1 + Δ2 ) + Δ3 (1 + Δx2 )
Then P1 (x) =

Δ2 +Δx
2
D(x) .

Hence



D2 (x)P1 (x) = Δ2 + Δx2 + Δx3 (1 + Δ2 ) + Δ3 (1 + Δx2 )

× Δx2 log(Δ2 ) − (Δ2 + Δx2 ) Δx2 log(Δ2 )

+ Δx3 log(Δ3 )(1 + Δ2 ) + Δ3 Δx2 log(Δ2 )
≤ (Δ2 Δ3 )x (1 + Δ2 )(log(Δ2 ) − log(Δ3 ))
+ Δ3 Δx2 log(Δ2 )(1 − Δ2 ) ≤ 0.
Similarly, P3 (x) =

Δ3 (1+Δx
2)
.
D(x)

Hence

D2 (x)P3 (x)/Δ3 = [Δ2 + Δx2 + Δx3 (1 + Δ2 ) + Δ3 (1 + Δx2 )]

× Δx2 log(Δ2 ) − (1 + Δx2 ) Δx2 log(Δ2 )


+ Δx3 log(Δ3 )(1 + Δ2 ) + Δ3 Δx2 log(Δ2 )

≤ (Δ2 Δ3 )x (1 + Δ2 )(log(Δ2 ) − log(Δ3 ))
+ Δ2 Δx2 log(Δ2 ) − (1 + Δ2 )Δx3 log(Δ3 )
≤ 0.
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