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Bayesian cure rate model accommodating
multiplicative and additive covariates
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We propose a class of Bayesian cure rate models by incor-
porating a baseline density function as well as multiplicative
and additive covariate structures. Our model naturally ac-
commodates zero and non-zero cure rates, which provides an
objective way to examine the existence of a survival fraction
in the failure time data. An inherent parameter constraint
needs to be incorporated into the model formulation due to
the additive covariates. Within the Bayesian paradigm, we
take a Markov gamma process prior to model the baseline
hazard rate, and mixture prior distributions for the parame-
ters in the additive component of the model. We implement
a Markov chain Monte Carlo computational scheme to sam-
ple from the full conditional distributions of the posterior.
We conduct simulation studies to assess the estimation and
inference properties of the proposed model, and illustrate it
with data from a bone marrow transplant study.

AMS 2000 subject classifications: Primary 62N01;
secondary 62N03.
Keywords and phrases: Additive hazards model, Cure
rate model, Markov gamma process, Mixture prior, Pro-
portional hazards model, Semiparametric method, Survival
fraction.

1. INTRODUCTION

In many clinical trials, particularly in oncology research,
a certain percentage of patients may be cured and thus be-
come risk-free of a specific event of interest or disease relapse
[36]. On the other hand, a study may involve a proportion of
subjects who are insusceptible to the event of interest, while
the rest are susceptible. In either case, the risk set at a given
time point during the follow-up needs to exclude those cured
or insusceptible subjects [19]. Many interesting examples of
such data are from bone marrow transplant (BMT) research.
BMT is a procedure to replace bone marrow that has been
destroyed by treatment with high doses of anticancer drugs
or radiation. Transplantation can be classified into three
types: autologous (the patient’s own marrow saved before
treatment), allogeneic (marrow donated by someone else),
or syngeneic (marrow donated by an identical twin). During
the transplant, a common complication, known as the graft-
versus-host disease (GVHD), is a reaction of donated stem
cells against patients’ tissue. In general, patients are less
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likely to develop GVHD if the stem cells of the donor and pa-
tient are closely matched. After treatment, patients receive
the harvested stem cells, which travel to the bone marrow
and begin to produce new blood cells. To minimize potential
side effects, doctors most often use transplanted stem cells
that match the patient’s own stem cells as closely as possi-
ble. The matching is usually based on the proteins on the
surface of the cells, namely the human leukocyte-associated
antigens (HLA). Szydlo et al. [38] studied leukemia patients
with BMT from HLA-identical siblings, HLA-matched and
mismatched unrelated donors. The primary end point was
the time to cancer relapse or death while in remission. Al-
though death would eventually occur if the follow-up is long
enough, the definition for cure depends on the study du-
ration and the nature of the disease. In fact, due to the
GVHD, most of the BMT studies share the common fea-
ture: the GVHD typically causes the occurrence of death
quickly as shown by the estimated Kaplan-Meier survival
curves for the three donor groups in Figure 1. Patients may
be considered “cured” if they could survive the risk of the
GVHD after the transplant. After approximately five years
follow-up, we observe a stable plateau for each arm, which
indicates a possible cure fraction in this patient population.

Most of the survival models in the literature are based
on a fundamental assumption that all the “alive” subjects
are at risk, under which a cure fraction is typically not al-
lowed. However, cure rate models are explicitly constructed
to incorporate a survival fraction. In particular, for subject i
with covariate vector Zi, let Spop(t|Zi) denote an improper
population survival function, i.e., limt→∞ Spop(t|Zi) > 0.
Let S(t) denote a proper survival function corresponding to
those uncured or susceptible subjects, i.e., limt→∞ S(t) = 0.
By mixing a certain fraction 1 − θ(Zi) of the population as
being cured and the rest θ(Zi) not cured, Berkson and Gage
[3] proposed the two-component mixture cure rate model,

(1.1) Spop(t|Zi) = 1 − θ(Zi) + θ(Zi)S(t).

The covariates Zi characterize the long-term survival ef-
fects, which can be linked via θ(·) in a logistic form,
θ(Zi) = exp(β′Zi)/{1 + exp(β′Zi)}. Extensive research
has been carried out with the mixture cure rate model
[18, 25, 31, 33, 37, 2].

Although the mixture cure rate model is quite intuitive,
it lacks the proportional hazards structure [11] and other
desirable properties as noted in Chapter 5 of [19]. In an
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Figure 1. Estimated Kaplan-Meier survival curves stratified by the type of the donor in the BMT data.

alternative formulation, the cure rate model proposed by
Yakovlev et al. [41] maintains the multiplicative structure of
the proportional hazards model [39, 6, 20]. The population
survival function is given by

(1.2) Spop(t|Zi) = exp{−θ(Zi)F (t)},

where F (t) is a proper cumulative distribution function
(c.d.f.), and the covariate structure takes the form of θ(Zi) =
exp(β′Zi). Ignoring the impropriety of Spop(t|Zi) in (1.2),
we can compute the population hazard function as

λpop(t|Zi) = f(t) exp(β′Zi),

where f(t) is the density function corresponding to F (t).
Chen et al. [6] showed that under certain mild conditions,
a uniform improper prior distribution for the regression pa-
rameters in (1.2) still leads to a proper posterior distribu-
tion, while an improper prior typically yields an improper
posterior under model (1.1). Tsodikov et al. [40] provided a
comprehensive review of the recent developments of model
(1.2). More recently, cure rate models have been studied in
a variety of contexts, such as the interval censored data [26],
jointly modeling longitudinal and cure survival data [5] and
cure rate modeling through latent activation schemes [9].

In this article, we consider an encompassing model

(1.3) λpop(t|Zi,Xi) = f(t) exp(β′Zi) + γ′Xi,

in which either β or γ contains an intercept, but not both,
for identifiability. As the hazard function must be nonneg-
ative for all t, and f(t) ≥ 0, the parameter constraint,
γ′Xi ≥ 0, needs to be satisfied throughout. This constraint
is in accordance with other additive hazards models [27].

Model (1.3) has a non-zero cure rate only when γ = 0, and
all the other values of γ correspond to a proper survival func-
tion, because Λpop(∞|Zi,Xi) = exp(β′Zi) +

∫ ∞
0

γ′Xidt is
not bounded if γ′Xi > 0.

It is critical to assess whether there exists a survival frac-
tion in the data, since it is a fundamental assumption for the
application of cure rate models [29, 30, 34, 22]. In practice,
the validity of cure rate modeling is often examined empiri-
cally by the Kaplan-Meier survival curve. The ability to ac-
commodate both cure and non-cure formulations in model
(1.3) is particularly interesting, which offers an objective
way to distinguish the model fitting between cure and non-
cure models. Many flexible hazard-based regression models
have been studied by incorporating multiplicative and ad-
ditive covariate structures [4, 27, 28, 35]. However, in the
context of cure rate models, very limited research has been
conducted along this direction.

The rest of this article is organized as follows. In Sec-
tion 2, we introduce notation and derive the likelihood func-
tion. Moreover, we specify mixture prior distributions for the
parameters in the additive component of the model, and a
Markov gamma process to model the baseline hazard rate.
In Section 3, we obtain the full conditional distributions of
the posterior to implement the Gibbs sampling. In Section 4,
we conduct simulation studies and present a full Bayesian
analysis of the BMT data. Finally, we give a brief discussion
in Section 5.

2. LIKELIHOOD AND PRIOR

For i = 1, . . . , n, let Ti be the failure time, Ci be the cen-
soring time, and νi = I(Ti ≤ Ci) be the censoring indicator
for the ith subject. The covariates are denoted by Zi and
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Xi, which may share common components. The observed
data D = {Yi = min(Ti, Ci), νi,Zi,Xi} are independent and
identically distributed for i = 1, . . . , n. We assume that Ti

is conditionally independent of Ci given covariates Zi and
Xi. For notational brevity, let Ga(α, ξ) denote a gamma dis-
tribution with mean α/ξ, Poi(c) a Poisson distribution with
mean c and Ber(a) a Bernoulli probability function of taking
a value of 1 with probability a.

Under model (1.3), the likelihood function is given by

L(β,γ, F |D) =
n∏

i=1

{
f(yi) exp(β′Zi) + γ′Xi

}νi

× exp
{
−F (yi) exp(β′Zi) − γ′Xiyi

}
,

where f(t) and F (t) are the baseline density and distribu-
tion functions, respectively. More explicitly, F (t) = 1 −
exp{−

∫ t

0
λ(s)ds}, and λ(t) is the corresponding baseline

hazard function. We discretize the time axis into J non-
overlapping intervals such that 0 = s0 < s1 < · · · < sJ ,
and sJ > yi for all i = 1, . . . , n, we then define the baseline
hazard rate λ(t) =

∑J
j=1 λjI(sj−1 < t ≤ sj). We define the

partition in such a way that the number of failures in each
interval is balanced.

To define the prior on λ(t), we introduce latent Poisson
variables {uj} to generate a Poisson-gamma alternating pro-
cess to model f(t) and F (t). Let λ and u denote the vectors
of λj and uj , and λ(−j) and u(−j) denote the rest of the
vectors after deleting the jth component, respectively. We
define δij = 1 if subject i fails or is censored in interval
j, and 0 otherwise. The likelihood function based on the
Markov gamma process is given by

L(β,γ,λ|D) =
n∏

i=1

J∏
j=1

{
fj(yi) exp(β′Zi) + γ′Xi

}νiδij

× exp
[
−δij

{
Fj(yi) exp(β′Zi) + γ′Xiyi

}]
,

where

fj(yi) = λj exp

{
−

j−1∑
k=1

λk(sk − sk−1) − λj(yi − sj−1)

}
,

and

Fj(yi) = 1 − exp

{
−

j−1∑
k=1

λk(sk − sk−1) − λj(yi − sj−1)

}
.

Instead of assigning independent gamma prior distribu-
tions to the λj ’s, we employ a correlated Markov gamma
process to model λ(t):

λ1 ∼ Ga(α1, ξ1)
uj |λj ∼ Poi(cjλj)

λj+1|uj ∼ Ga(αj+1 + uj , ξj+1 + cj),

where the cj ’s are the smoothing parameters to induce cor-
relations between the λj ’s [32]. In the special case when
all the cj ’s are zero, uj = 0 with probability one, and the
λj ’s become independent. By introducing the latent Poisson
process {uj}, the components of {λj} are naturally corre-
lated a priori, and each λj has a gamma prior distribution
given uj−1. The advantages of introducing a latent Poisson
process are that it formulates dependence between the λj ’s,
which is more realistic in practice and facilitates modeling
the trend of the hazard; the Poisson latent variables sim-
plify posterior simulations due to conjugacy; and when the
αj ’s and ξj ’s are all equal, the prior process is stationary.
Other prior specifications on {λj} can impose correlations
as well, such as using a first-order autoregressive structure
or a Markovian relation [12, 1, 21].

Although not required for the development, we take β, γ
and (λ,u) to be independent a priori, i.e., π(β, γ, λ,u) =
π(β)π(γ)π(λ,u). The joint prior distribution of (λ,u) can
be written as

π(λ,u) = Ga(λ1|α1, ξ1)

{
J−1∏
j=1

Poi(uj |cjλj)

× Ga(λj+1|αj+1 + uj , ξj+1 + cj)

}
.

Without loss of generality, we assume that all the covariates
are positive, which can be easily shifted and rescaled if this
is not the case in practice. The prior distribution for each
component of β can simply be a zero-mean normal distri-
bution with a large variance. However, we need to be more
cautious with the prior specification on γ due to the con-
straint γ′Xi ≥ 0 (i = 1, . . . , n). Parameter constraints often
make Bayesian computation more complicated [14, 15, 8]. In
order to calibrate the posterior probability of γ = 0, we con-
sider a mixture of two zero-mean normal distributions (one
with a small variance and the other with a large variance)
for each component of γ, as in the stochastic search variable
selection (SSVS) developed by George and McCulloch [16].

More specifically, we take that

π(γ) ∝
q∏

k=1

{
a0N(γk|0, σ2) + (1 − a0)N(γk|0, h2σ2)

}
×

n∏
i=1

I(γ′Xi ≥ 0),

where q is the length of vector γ, 0 < a0 < 1, h > 1, and
σ is relatively small. This implies that if γk takes a sample
from the posterior distribution corresponding to N(γk|0, σ2)
in the mixture, we can “safely” set γk = 0.

This construction implies that, a priori, γk|γ(−k) has a
mixture of two truncated normal densities with a small vari-
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ance of σ2 and a large variance of h2σ2,

π(γk|γ(−k)) = a0N
+(γk|γ(−k), 0, σ2)

+ (1 − a0)N+(γk|γ(−k), 0, h2σ2).

The two truncated normal distributions, one with a small
variance (h = 1) and the other with a large variance (h > 1),
can be written as

N+(γk|γ(−k), 0, h2σ2) =
1

c(γ(−k), 0, h2σ2)
N(γk|0, h2σ2)

× I (γk ≥ −ηk) ,

where

ηk = min
i=1,...,n

{∑q
j=1,j �=k γjXji

Xki

}
,

and the normalizing constant

c(γ(−k), 0, h2σ2) = 1 − Φ
(
− ηk

hσ

)
with Φ(·) the c.d.f. of the standard normal distribution.

To facilitate the implementation of the Markov chain
Monte Carlo (MCMC) method, we introduce a latent
Bernoulli random variable wk. We rewrite the conditional
prior of γk given wk and γ(−k) as

π(γk|wk,γ(−k)) =
{

N+(γk|γ(−k), 0, σ2), if wk = 1
N+(γk|γ(−k), 0, h2σ2), if wk = 0

with wk ∼ Ber(a0) for k = 1, . . . , q. By mixing the two trun-
cated normal densities, we are able to assess the existence of
a cure through the posterior samples of w = (w1, . . . , wq)′.
If the proportion of w = 0 is high in the posterior samples,
it tends to support the fit of a cure rate model.

3. POSTERIOR COMPUTATION

We derive the full conditional distributions for the pa-
rameters (β, γ,λ,u,w) to implement the Gibbs sampling.
The full conditional distribution of β does not depend on
the latent Poisson or Bernoulli variable, thus,

π(β|γ,λ,u,w, D) ∝ L(β,γ,λ|D)π(β),

where π(β) is a normal prior distribution. The full condi-
tional distribution for λ simplifies to the following expres-
sion,

π(λj |β,γ,λ(−j),u,w, D) ∝ L(β, γ, λ|D)
× Ga(λj |αj + uj−1 + uj , ξj + cj−1 + cj),

for j = 1, . . . , J , and c0 = cJ = 0 and u0 = uJ = 0 with
probability one. Since u does not depend on the observed
data,

π(uj |β,γ,λ,u(−j),w, D) ∝ {cj(ξj+1 + cj)λjλj+1}uj

Γ(1 + uj)Γ(αj+1 + uj)
,

for j = 1, . . . , J − 1, where uj takes an integer value from
{0, 1, 2, . . .}, and Γ(·) is the usual gamma function. Finally,
the full conditional distributions of γ and w are respectively
given by

π(γk|β,γ(−k),λ,u, wk, D)

∝
{

L(β,γ,λ|D)N+(γk|γ(−k), 0, σ2), if wk = 1
L(β,γ,λ|D)N+(γk|γ(−k), 0, h2σ2), if wk = 0

and π(wk|β,γ,λ,u, D) ∝ Ber(a1), where

a1 =
a0

a0 + (1 − a0)
N+(γk|γ(−k), 0, h2σ2)
N+(γk|γ(−k), 0, σ2)

.

Even though the mixture prior has a similar flavor as
that in the SSVS [16], our focus is quite different. In fact,
the fundamental model structure in our case changes dur-
ing the Gibbs iterations. The Markov chain alternately visits
between a non-cure model with a proper survival function
(when γ �= 0) and a cure model with an improper survival
function (when γ = 0). The posterior probability of sup-
porting a cure rate model can be estimated by averaging
the indicator variables wk across all the MCMC iterations,
i.e., to obtain the proportion of γk = 0. Due to the non-log-
concavity of the full conditional distributions, a Metropolis
step is required within the Gibbs sampler [17].

4. NUMERICAL STUDIES

4.1 Simulation

We carried out two simulation studies to examine the per-
formance of the proposed method. We generated the failure
times from the multiplicative-additive cure model (1.3). In
particular we considered,

(4.1) λpop(t|Z, X) = f(t) exp(β0 + β1Z) + γX.

The baseline density function was chosen as an exponen-
tial distribution with mean one, i.e., the baseline hazard
function is one. Both covariates Z and X were simulated
from a Bernoulli random variable, taking a value of 0 or
1 with probability 0.5. The censoring times were indepen-
dently generated from a uniform distribution. The true pa-
rameter values were β0 = −0.2 and β1 = 1. For the first
simulation study, we took γ = 0, i.e., the underlying true
model did not have an additive covariate component, which
led to a cure rate model. On the other hand, for the second
simulation study, we took γ = 1, which led to a cure rate
model when X = 0 and to a non-cured model when X = 1.
Such a covariate-dependent cure rate model structure typi-
cally cannot be accommodated by the available methods in
the literature. We took the sample size n = 300 and repli-
cated 500 simulations.

For the model with γ = 0, the cure rate is given by
exp{− exp(β0+β1Z)}. The true cure rate for the group with
Z = 0 is 44% and that for Z = 1 is 11%. In Figure 2, we show
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Figure 2. First 50 simulated data sets, when γ = 0 in model (4.1). Estimated Kaplan-Meier survival curves stratified by the
indicator covariate (solid curves with Z = 0 and dotted curves with Z = 1).

the estimated Kaplan-Meier survival curves of each arm for
the first 50 simulated data sets. We observe a common pat-
tern with sharp drops at the beginning of the follow-up,
and stable plateaus at the tails of the curves, which resem-
bles the survival curves of the BMT data in Figure 1. For
the model with γ = 1, our model specifies four groups by
the combination of the two values of covariates Z and X.
The Kaplan-Meier survival curves for these four groups of
the first 50 simulated data sets are shown in Figure 3, from
which we clearly see cure rate patterns (the first column) as
well as non-cure ones (the second column) arising from the
same model.

For each data realization, we fit the proposed model with
different values of (σ, h) to examine the percentage of the
posterior samples of γ being zero. We took vague prior dis-
tributions for all of the model parameters so that the likeli-
hood would dominate the posterior estimation. Under each
configuration, we recorded 5,000 MCMC iterations after the
first 100 burn-in samples in the Gibbs sampling. The poste-
rior means and standard deviations of the parameters were
computed based on the 5,000 posterior samples.

In Table 1, we report the posterior mean and standard
deviation averaged over 500 simulations for each regression
parameter. We can see that the posterior means of the pa-
rameters are quite close to the true values, indicating that
the MCMC chains converged properly. In simulation 1 with
the true γ = 0, even under the misspecified model, the pos-
terior estimates for β0 and β1 were close to the true values.
Across different pairs of (σ, h), there were high posterior
probabilities that the additive part of model (4.1) did not
exist, because a high percentage of the posterior samples of
γ were zero. In simulation 2 with the true γ = 1, the percent-
age of the posterior samples of γ being zero was very low.

Figure 3. First 50 simulated data sets, when γ = 1 in model
(4.1). Estimated Kaplan-Meier survival curves: top-left panel
with (Z, X) = (0, 0), top-right panel with (Z, X) = (0, 1),
bottom-left panel with (Z, X) = (1, 0) and bottom-right

panel with (Z, X) = (1, 1).

In addition, when the variance of the sharp normal distribu-
tion was very small and that of the flat normal distribution
was very large, P̂r(γ = 0|D) was very close to zero. This
demonstrates the usefulness of the proposed model for de-
tecting the survival fraction in the data, which provides an
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Table 1. Average of posterior means, empirical standard deviation of posterior means (ESD) and average of posterior standard
deviations (ASD) of regression parameters over 500 simulated data sets

β0 = −0.2 β1 = 1 γ

(σ, h) Mean ESD ASD Mean ESD ASD Mean ESD ASD P̂r(γ = 0|D)

Model with γ = 0
(.5, 10) −0.210 0.130 0.124 0.994 0.151 0.149 0.022 0.015 0.019 0.909
(.33, 10) −0.209 0.123 0.125 0.994 0.151 0.150 0.022 0.014 0.019 0.908
(.1, 10) −0.212 0.120 0.123 0.996 0.151 0.149 0.020 0.011 0.018 0.905
(.1, 33) −0.212 0.118 0.122 0.996 0.151 0.150 0.020 0.010 0.018 0.969
(.1, 100) −0.207 0.135 0.126 0.996 0.151 0.149 0.020 0.010 0.017 0.989
(.01, 100) −0.209 0.119 0.123 1.012 0.152 0.147 0.007 0.005 0.007 0.972
(.01, 1000) −0.208 0.120 0.124 1.013 0.152 0.147 0.007 0.001 0.006 0.997

Model with γ = 1
(.5, 10) −0.183 0.158 0.168 1.007 0.179 0.184 0.983 0.161 0.162 0.570
(.33, 10) −0.186 0.159 0.170 1.009 0.179 0.184 1.004 0.176 0.170 0.188
(.1, 10) −0.188 0.161 0.170 1.011 0.180 0.185 1.008 0.153 0.159 0.00003
(.1, 33) −0.196 0.159 0.170 1.015 0.181 0.186 1.033 0.162 0.163 0.00009
(.1, 100) −0.196 0.161 0.170 1.015 0.180 0.185 1.036 0.163 0.163 0.0002
(.01, 100) −0.191 0.157 0.169 1.011 0.179 0.185 1.008 0.153 0.159 0
(.01, 1000) −0.197 0.159 0.171 1.015 0.181 0.185 1.035 0.163 0.163 0

easy and objective way to examine the existence of a cure
in the Bayesian paradigm.

4.2 BMT example

As an illustration, we applied the proposed method to
analyze the BMT data. Transplants were performed be-
tween 1985 and 1991, and reported to the International Bone
Marrow Transplant Registry [23]. In this analysis, we had
1,715 patients with acute lymphoblastic leukemia (ALL),
acute myelogenous leukemia (AML) and chronic myeloge-
nous leukemia (CML). The time to cancer relapse or cancer
death while in remission was the primary end point, and
was recorded in months. The covariates of interest included
three donor types: HLA-identical sibling, HLA-matched un-
related and mismatched unrelated; three disease types: ALL,
AML and CML; three stages of disease: early, intermediate
and advanced; and Karnofsky score (taking a value of 1 if
the Karnofsky score ≥ 90, 0 otherwise). We created two in-
dicator variables for each of the three categorical variables
by taking the HLA-identical sibling, ALL, and early stage
of disease as the baseline, respectively. In our analysis, we
were particularly interested in whether a cure rate model
was appropriate for the BMT data, for which we studied
the model

(4.2) λpop(t|Z) = f(t) exp

(
7∑

k=1

βkZk

)
+ γ,

where (Z1, . . . , Z7) corresponded to the covariates in Ta-
ble 2.

Table 2. Posterior means, standard deviations and 95% HPD
intervals for the regression parameters with the BMT data

with cj = 100 and (σ = .1, h = 100)

J Covariate Mean SD 95% HPD

5 HLA-match .546 .081 (.385, .700)
Mis-match .640 .125 (.385, .862)
AML .110 .100 (−.078, .312)
CML .058 .088 (−.112, .230)
Inter Stage .469 .087 (.301, .639)
Adv Stage 1.040 .102 (.845, 1.245)
Karnofsky −.520 .083 (−.676, −.352)

10 HLA-match .569 .085 (.402, .735)
Mis-match .659 .126 (.412, .901)
AML .158 .104 (−.047, .360)
CML .129 .092 (−.052, .311)
Inter Stage .536 .095 (.350, .724)
Adv Stage 1.148 .113 (.910, 1.354)
Karnofsky −.445 .087 (−.627, −.288)

20 HLA-match .576 .085 (.409, .740)
Mis-match .668 .131 (.403, .919)
AML .157 .105 (−.054, .365)
CML .118 .093 (−.060, .300)
Inter Stage .550 .097 (.363, .734)
Adv Stage 1.151 .109 (.947, 1.368)
Karnofsky −.466 .086 (−.630, −.297)

We partitioned the time axis from zero up to 94 months
into a total of J time intervals, and we took J = 5, 10
and 20, for comparison. We balanced the number of failures
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in each interval. Therefore, the intervals are shorter dur-
ing the earlier follow-up and longer at the later times, since
events occurred more frequently in the first 30 months. To
determine the best fitting model with different J values, we
computed the log-pseudo marginal likelihood (LPML) as the
model selection criterion to choose the best J . In particular,
the LPML is related to the conditional predictive ordinate
(CPO) statistic [13, 14]. CPO is a Bayesian cross-validation
statistic by computing the conditional predictive distribu-
tion after deleting a single observation, which measures the
adequacy of a model.

Let D(−i) denote the data with the ith observa-
tion deleted. We denote the density function of yi by
f(yi|Zi,Xi,β,γ,λ), and the posterior density of (β,γ,λ)
given D(−i) by π(β,γ,λ|D(−i)), i = 1, . . . , n. The CPOi is
the marginal posterior predictive density of yi given D(−i),
which can be written as

CPOi = f(yi|Zi,Xi, D
(−i))

=
{∫ ∫ ∫

π(β,γ,λ|D)
f(yi|Zi,Xi,β,γ, λ)

dβdγdλ

}−1

.

A Monte Carlo approximation of CPOi [8] is given by

̂CPOi =

{
1
M

M∑
m=1

1
Li(β[m],γ[m],λ[m]|yi, Δi,Zi,Xi)

}−1

,

where M is the number of Gibbs samples after burn-in, and
β[m], γ[m] and λ[m] are the samples of the mth Gibbs iter-
ation. Note that Li(β[m],γ[m],λ[m]|yi, Δi,Zi,Xi) is a den-
sity function if νi = 1 and a survival function if νi = 0.
A summary statistic based on the CPOi’s is LPML =∑n

i=1 log(CPOi). The larger the value of the LPML, the
better fit of the model.

In the Bayesian analysis, we took vague priors for all the
model parameters so that the likelihood dominated the pos-
terior inference. In particular, we took αj = ξj = 0.01 for
j = 1, . . . , J . We specified a normal prior with mean zero
and variance 100 for each component of β. As to the prior
distribution of γ, we took a mixture of two truncated nor-
mal densities with the corresponding variances σ2 and h2σ2.
We took a0 = 0.5 so that the prior probability of γ from
each normal distribution in the mixture was the same. We
monitored the MCMC convergence using the methods rec-
ommended by Cowles and Carlin [10], and observed that
the chain converged fast and mixed well. We recorded one
posterior sample every five iterations to reduce the autocor-
relation from 20,000 Gibbs samples after 2,000 burn-ins.

We first fixed cj = 100 and (σ = 0.1, h = 100), but varied
J = 5, 10 and 20. We obtained the corresponding LPML
statistics of −3416.2, −3411.5 and −3405.6, and thus the
model with J = 20 was deemed as the best fit. Table 2 sum-
marizes the posterior mean, standard deviation and 95%
highest posterior density (HPD) interval for each model pa-
rameter. Moreover, we carried out a sensitivity analysis by

Table 3. Posterior means, standard deviations and 95% HPD
intervals for the regression parameters with the BMT data

with J = 20 and cj = 100

(σ, h) Covariate Mean SD 95% HPD

(.33, 10) HLA-match .578 .085 (.416, .746)
Mis-match .668 .131 (.406, .920)
AML .162 .104 (−.044, .370)
CML .125 .091 (−.055, .302)
Inter Stage .552 .097 (.358, .735)
Adv Stage 1.157 .108 (.939, 1.372)
Karnofsky −.462 .086 (−.639, −.303)

(.01, 100) HLA-match .576 .086 (.417, .757)
Mis-match .666 .130 (.410, .910)
AML .157 .104 (−.045, .360)
CML .118 .091 (−.064, .295)
Inter Stage .554 .095 (.368, .737)
Adv Stage 1.147 .110 (.930, 1.363)
Karnofsky −.467 .087 (−.632, −.292)

(.001, 100) HLA-match .562 .084 (.407, .732)
Mis-match .648 .124 (.419, .901)
AML .152 .104 (−.053, .353)
CML .109 .092 (−.062, .396)
Inter Stage .522 .090 (.343, .698)
Adv Stage 1.118 .103 (.922, 1.324)
Karnofsky −.464 .084 (−.626, −.294)

choosing different values of (σ, h) in the mixture prior of
two normal densities, see Table 3. We can see that the pos-
terior estimates are quite similar for different paired values
of (σ, h). Patients treated with the BMT from HLA-matched
unrelated donors or mis-matched unrelated donors had sig-
nificantly worse survival than those with HLA-identical sib-
ling donors. The stage of disease significantly affected sur-
vival: more advanced disease stages clearly led to shorter
survival. There was not much difference between survival
across the three disease types. For a wide range of paired
values of (σ, h) = (.33, 10), (.01, 100), and (.001, 100), the
posterior probabilities of γ = 0: P̂r(γ = 0|D) = .910, .990
and .966, respectively. Therefore, there are consistently high
posterior probabilities, above 90%, indicating that γ = 0.
Our model strongly supports a cure rate model structure by
eliminating the additive component from model (4.2).

Moreover, we fixed J = 20, and took cj = 0, 10, 50 and
100 to smooth and correlate the baseline hazard rates, re-
spectively. Figure 4 presents the posterior means of the base-
line hazard rate λ(t) for cj = 0, 10, 50 and 100, respectively.
The hazard estimate with cj = 0 imposes an independent
gamma process prior, and a larger value of cj induces a
higher correlation in the gamma process. These four plots
exhibit a very similar pattern. During the early follow-up,
the baseline hazard appeared to be much higher, which re-
sulted in more occurrences of events, that would correspond
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Figure 4. Posterior estimates of the baseline hazard function for the BMT data, with (σ = 0.1, h = 100), cj = 0, 10, 50 and
100, respectively.

to the sharp drops of the survival curves in Figure 1. In the
later follow-up period, the hazard decayed to a lower level
and became more stable, matching with the plateaus at the
tails of the Kaplan-Meier survival curves.

5. DISCUSSION

We have proposed a class of flexible Bayesian hazard re-
gression models by incorporating the multiplicative and ad-
ditive covariate structures. It naturally provides an objective
assessment of the existence of a survival fraction in the data.
Due to the nonnegativity of a hazard function, we impose
a parameter constraint on the additive component of our
model, that is, γ′Xi ≥ 0. As pointed out by a referee, to
avoid the constraint we could define the additive part to be
of the form |γ′Xi|. However, we need to be cautious with
the interpretation of the parameter γ because a positive or
negative change in the covariate Xi would imply the same
change in the hazard. Furthermore, we use a mixture prior
distribution for the parameters associated with the additive
component in the model. An alternative mixture prior in-
volving a point mass at zero instead of a sharp density can
also be considered. In our numerical experience, posterior
inference is more stable with the mixture of two normal dis-
tributions.

A Markov gamma process prior is specified for the base-
line hazard to facilitate the full Bayesian semiparametric es-
timation. Gibbs sampling can be easily implemented for the
resulting model, from which it is straightforward to com-
pute the posterior probability of a cure rate model. The
proposed method links the proper and improper population
survival functions through the multiplicative and additive

components of the covariate structure. This family of cure
rate models is widely applicable due to its flexibility, par-
ticularly for modeling two treatment groups where a cure
fraction is only present in one group but not in the other.
Such a situation has been illustrated in the simulation study.
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