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A review on singular spectrum analysis for
economic and financial time series
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In recent years Singular Spectrum Analysis (SSA), a rel-
atively novel but powerful technique in time series analysis,
has been developed and applied to many practical problems
across different fields. In this paper we review recent devel-
opments in the theoretical and methodological aspects of the
SSA from the perspective of analyzing and forecasting eco-
nomic and financial time series, and also represent some new
results. In particular, we (a) show what are the implications
of SSA for the, frequently invoked, unit root hypothesis of
economic and financial times series; (b) introduce two new
versions of SSA, based on the minimum variance estimator
and based on perturbation theory; (c) discuss the concept
of causality in the context of SSA; and (d) provide a variety
of simulation results and real world applications, along with
comparisons with other existing methodologies.
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1. INTRODUCTION

Econometric methods have been widely used to model,
smooth and forecast the evolution of all kinds of economic
and financial time series, such as quarterly and annual na-
tional account data sets like real Gross Domestic Product,
inflation or unemployment, stock indices, interest rates etc.
Econometric methods and models for such series are accom-
panied by a huge literature (which we cannot possibly review
here) but in many instances have failed to produce statisti-
cally accurate, and economically meaningful, forecasts.

There are several reasons that a classical model does not
have a good performance for modelling and forecasting eco-
nomic and financial series. The most prominent are (a) their
pronounced non-stationarity, in the mean and also in the
variance, and (b) the frequent structural breaks that they
present. Both these features can be traced to a number of
factors, such as measurement noise, exogenous shocks, tech-
nological change, policy changes, changes in consumer pref-
erences, news and announcements etc. Many econometric
models used for forecasting have problems dealing with these
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features, at least simultaneously, and a number of techniques
have been developed to address them. Such techniques in-
clude applications of Kalman-filter like procedures with
time-varying coefficients, semi and non-parametric models,
models with allowance for unit root non-stationarity, models
with cointegration, intercept corrections and many others.
It is evident that the assumptions of stationarity, linearity
and normality are, in many cases, poor approximations to
the real world data that we are given in economics and fi-
nance.

Moreover, many structural econometric and time series
models devised for forecasting macroeconomic time series
are based on restrictive assumptions of normality and lin-
earity of the observed data. The methods that do not de-
pend on these assumptions could be very useful for mod-
elling and forecasting economics data. On the other hand
classical methods of forecasting such as ARIMA type mod-
els are based on the assumption such as stationarity of the
series and normality of residuals (see, for example, [1, 2]
and references therein). We should note that other distribu-
tional assumptions, beyond normality, are frequently found
in the context of financial time series but they are made on
empirical grounds and are many times ad hoc.

Furthermore, it is well known that noise can seriously
limit accuracy of time series prediction. In general, there
are two main approaches for forecasting noisy time series.
According to the first one, we ignore the presence of noise
and fit a forecasting model directly from noisy data hoping
to extract the underlying deterministic dynamics. According
to the second approach, which is often more effective than
the first one, we start with filtering the noisy time series in
order to reduce the noise level and then forecast the new
data points (see, for example, [3, 4] and references therein).
There are several linear and nonlinear noise reduction meth-
ods such as ARMA model, local projective, singular value
decomposition (SVD) and simple nonlinear filtering. It is
currently accepted that SVD-based methods are very effec-
tive for the noise reduction in deterministic time series and
correspondingly for forecasting [4].

Additionally, some of the previous research have consid-
ered economic and financial time series as deterministic, lin-
ear dynamical systems. In this case, the linear models can
be used for modelling and forecasting. However, it has been
shown that most of the financial time series are nonlinear
(see, for example, [3–6]); in these cases, we should use nonlin-
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ear methods. Having a method that works well for both lin-
ear and nonlinear, stationary and non-stationary time series
is ideal for modelling and forecasting. The Singular Spec-
trum Analysis (SSA) technique meets all conditions stated
above. The SSA technique is a nonparametric technique of
time series analysis incorporating the elements of classical
time series analysis, multivariate statistics, multivariate ge-
ometry, dynamical systems and signal processing [7]. Note
also that SSA naturally incorporates the filtering of the se-
ries and the SVD.

It is worth mentioning that methods such as SSA that
have been proposed outside economics and have been shown
to be successful in forecasting, do make assumptions about
the presence of deterministic dynamics (possibly buried in
noise) that can be extracted and forecasted with relative
accuracy. Such assumptions cannot really stand in the con-
text of economic dynamics, which are driven by a variety of
random factors and rarely have deterministic components in
them (possibly apart from seasonality). However, this does
not preclude from asking the question as to whether these
methods can be successfully applied to economic and finan-
cial time series. To understand why SSA can be a potent
tool for such a series, we need to understand the features
that these series exhibit. The purpose of this paper is to
review some of the recent developments on, the relatively
novel, but powerful methodology of SSA, and discuss re-
sults associated with SSA from the perspective of analyzing
economic and financial time series.

The rest of the paper is structured as follows: in section
2 we provide a literature review on SSA, its methodology
and applications; in section 3 we go over the generic SSA
methodology, univariate and multivariate, and list a variety
of associated references; in section 4 we go over some mod-
ifications that apply to SSA when we have time series with
stochastic trends and discuss the implications for modeling
and forecasting and also a cointegration problem; in section
5 we consider SSA-based causality measures; the SSA tech-
nique based on the minimum variance estimator and based
on the perturbation theory are considered in sections 6 and
7; the problem of signal extraction and smoothing are con-
sidered in section 8; in section 9 we present a variety of real
world examples from forecasting point of view; finally, in
section 10 we offer some concluding remarks and directions
for future research.

2. LITERATURE REVIEW

The appearance of SSA is usually associated with the
publication of papers by Broomhead and King [8]. A thor-
ough description of the theoretical and practical foundations
of the SSA technique (with many examples) can be found
in [7, 9].

The basic SSA method consists of two complementary
stages: decomposition and reconstruction; both stages in-
clude two separate steps. At the first stage we decompose

the series and at the second stage we reconstruct the orig-
inal series and use the reconstructed series for forecasting
new data points. There are different ways of modifying SSA
leading to different versions such as SSA with single and
double centering, Toeplitz SSA, and sequential SSA [7].

Another important feature of SSA is that it can be used
for analyzing relatively short series. It has been shown that
SSA works very well for short time series as well as for long
time series in forecasting macro-economics data [10].

It is worth noting that although some probabilistic and
statistical concepts are employed in the SSA-based methods,
we do not have to make any statistical assumptions such as
stationarity of the series or normality of the residuals. SSA is
a very useful tool which can be used for solving the following
problems: finding trends of different resolution; smoothing;
extraction of seasonality components; simultaneous extrac-
tion of cycles with small and large periods; extraction of
periodicities with varying amplitudes; simultaneous extrac-
tion of complex trends and periodicities; finding structure
in short time series.

Solving all these problems correspond to the so-called ba-
sic capabilities of SSA. In addition, the method has several
extensions. First, the multivariate version of the method
permits the simultaneous expansion of several time series;
see, for example [9]. Second, the SSA ideas lead to several
forecasting procedures for time series; see [7, 9]. The same
ideas are also used in [7] and [11] for change-point detec-
tion in time series. For comparison with classical methods,
ARIMA, ARAR algorithm and Holt-Winter, see [12] and
[13]. The SSA has also been used for signal extraction and
forecasting of the UK tourism income. The results showed
that SSA outperforms SARIMA and time-varying parame-
ter State Space models in terms of several forecasting accu-
racy criteria [14].

Two new versions of SSA, based on the minimum variance
estimator and based on the perturbation theory, have been
introduced in [15, 16]. These versions of SSA often yield
more accurate reconstructing and forecasting results than
the basic SSA.

In the area of nonlinear time series analysis, SSA was
considered as a technique that could compete with more
standard methods. The SSA technique has been used as a
filtering method in [17]. A family of the causality test based
on the multivariate SSA technique has been introduced in
[18]. An important feature of the multivariate version of
SSA is that it can be used for several time series with var-
ied series length. For example, SSA has been used (univari-
ate and multivariate) for forecasting the Index of Industrial
Production which is one of the most widely scrutinised and
intensively studied of all economic time series for the U.K
[19]. The index is revised several times before a final figure
is published which makes a set of the series with different
series length. The SSA technique has also been used for fore-
casting exchange rate series [20, 21].

There is substantial previous literature that dealt with fil-
tering and smoothing of non-stationary (including unit root)
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processes in economics (and of course other fields) but its
focus was that of trend (“signal”) extraction and smoothing
based on mainly cyclical (e.g. business cycles) considera-
tions and was related to the extraction of components of
certain frequencies. Thomakos [22, 24] has a line of research
where he derives several new results of SSA-based analysis
under the assumptions of time series that have a unit root
and cointegration. His work expands that of Phillips [25–27]
on smoothing and trend extraction for unit root processes.
Thomakos [22, 24] derives asymptotically optimal linear fil-
ters for smoothing and trend extraction for unit root pro-
cesses and their m-period differences and also suggests a
method for selecting the degree of smoothing based on data
considerations. Related work on smoothing economic time
series has been considered in [28–32].

The SSA technique has also been used to model the re-
alized volatility and logarithmic standard deviations of two
important futures return series in [33]. Furthermore, SSA
was used in forecasting price movement in Forex and pre-
dicting market behaviour in [34–36].

3. GENERIC SSA METHODOLOGY

3.1 Univariate SSA

The SSA technique is a decomposition-based approach
and its usefulness lies in extracting information from the
(auto)covariance structure of a time series. In the original
formulation of SSA it was assumed that the time series un-
der analysis has a deterministic component (such as a trend
and/or a seasonal) with noise superimposed and that the
deterministic component can be successfully extracted from
the noise. This formulation is not, of course, confined to
SSA; the decomposition-based approach to time series anal-
ysis is very old. What SSA brings into the picture, that
identify it as a novel method, is that it accounts for the
(auto)covariance structure of the time series without impos-
ing a parametric model for it: it is thus a non-parametric,
and from a practical perspective a model-free, approach for
time series analysis.

The decomposition of the time series into components is
followed by a step called reconstruction via the process of
diagonal averaging. Both the decomposition and reconstruc-
tion/diagonal average steps have some optimality charac-
teristics in terms of matrix operations. It is important to
note that these characteristics are independent of the true
data generating process. We next go over the generic SSA
methodology for a single time series.

3.1.1 Stage 1: Reconstruction

Step 1: Embedding & the trajectory matrix

Consider a univariate stochastic processes {Yt}t∈Z
and

suppose that a realization of size N from this process is
available YN = [y1, y2, . . . , yN ]. The single parameter of the
embedding is the window length L, an integer such that

2 ≤ L ≤ N . Embedding can be regarded as a mapping
operation that transfers a one-dimensional time series YN

into the multidimensional series X1, . . . , XK with vectors

(1) Xi = [yi, yi+1, xi+2, . . . , yi+L−1]
T

for i = 1, 2, . . . , K where K = N−L+1. These vectors group
together L time-adjacent observations and are supposed to
describe the local state of the underlying process. Vectors
Xi are called L-lagged vectors (or, simply, lagged vectors).
The result of this step is the trajectory matrix

(2) X = [X1, . . . , XK ] = (xij)
L,K
i,j=1 .

Note that the trajectory matrix X is a Hankel matrix,
which means that all the elements along the diagonal i+j =
const are equal.

Besides the application in SSA, the trajectory matrix can
be used to unify a number of common time series procedures,
such as filtering and autoregressive modeling. For example,
let β denote any known, fixed (L × 1) vector and consider
the following:

• For L = 2 and β = [−1, 1] we can obtain the first
differences of the realization as βX.

• For any L ≥ 2 and β = [1/L, 1/L, . . . , 1/L] we can
obtain a L-order moving average for the realization as
βX.

• For autoregressive modeling let β∗ denote the parame-
ter vector and E denote the vector of innovations. Write
XT β∗ = E and define the (L×1) and (L×L) restriction
matrices:

(3) R =

⎡⎢⎢⎢⎣
0
0
...
1

⎤⎥⎥⎥⎦ , Q =

⎡⎣ IL−1

0T
L−1

⎤⎦
so that the restricted parameter vector β is written as
β∗ = R − Qβ. Then, the least-squares problem for es-
timating β is given by:

(4) min
β

ET E = (R − Qβ)T XXT (R − Qβ)

with solution β̂ = (QT XXT Q)−1QT XXT R.

Step 2: Singular Value Decomposition (SVD)

The second step, the SVD step, makes the singular value
decomposition of the trajectory matrix X and represents
it as a sum of rank-one bi-orthogonal elementary matri-
ces. Denote by λ1, . . . , λL the eigenvalues of S = XXT

in decreasing order of magnitude (λ1 ≥ · · ·λL ≥ 0). Set
d = max(i, such thatλi > 0) = rank X. If we denote
Vi = XT Ui/

√
λi, then the SVD of the trajectory matrix

can be written as:

(5) X = X1 + · · · + Xd,
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where Xi =
√

λiUiVi
T (i = 1, . . . , d). The matrices Xi have

rank 1; therefore they are elementary matrices, Ui (in SSA
literature they are called ‘factor empirical orthogonal func-
tions’ or simply EOFs) and Vi (often called ‘principal com-
ponents’) stand for the left and right eigenvectors of the tra-
jectory matrix. The collection (

√
λi, Ui, Vi) is called the i-th

eigentriple of the matrix X,
√

λi (i = 1, . . . , d) are the sin-
gular values of the matrix X and the set {

√
λi}d

i=1 is called
the spectrum of the matrix X. If all the eigenvalues have
multiplicity one, then the expansion (5) is uniquely defined.

SVD (5) is optimal in the sense that among all the ma-
trices X(r) of rank r < d, the matrix

∑r
i=1 Xi provides

the best approximation to the trajectory matrix X, so that
‖X − X(r)‖ is minimum. Note that ‖X‖2 =

∑d
i=1 λi and

‖Xi‖2 = λi for i = 1, . . . , d. Thus, we can consider the
ratio �i = λi/

∑d
i=1 λi as the characteristic of the contri-

bution of the matrix Xi to expansion (5). Consequently,
�1:r =

∑r
i=1 λi/

∑d
i=1 λi, the sum of the first r ratios, is the

characteristic of the optimal approximation of the trajectory
matrix by the matrices of rank r .

3.1.2 Stage 2: Reconstruction

Step 1: Grouping

The grouping step corresponds to splitting the elemen-
tary matrices Xi into several groups and summing the ma-
trices within each group. Let I = {i1, . . . , ip} be a group
of indices i1, . . . , ip. Then the matrix XI corresponding to
the group I is defined as XI = Xi1 + · · · + Xip . The split
of the set of indices J = 1, . . . , d into the disjoint subsets
I1, . . . , Im corresponds to the representation

(6) X = XI1 + · · · + XIm .

The procedure of choosing the sets I1, . . . , Im is called the
eigentriple grouping.

Step 2: Diagonal averaging

Diagonal averaging transfers each matrix XI into a time
series, which is an additive component of the initial series
YN . If zij stands for an element of a matrix Z, then the
t-th term of the resulting series is obtained by averaging zij

over all i, j such that t = i + j − 1. This procedure is called
diagonal averaging, or Hankelization of the matrix Z, HZ.

3.2 Forecasting

An important advantage of SSA is that it allows, upon re-
construction of the series under study, to produce forecasts
for either the individual components of the series and/or the
reconstructed series itself. This is useful if ones want to make
predictions about, for example, the deterministic/trending
component of the series without taking into account the
variability due to other sources. Below we give a short de-
scription of the h-step ahead predictor based on the SSA
method. The SSA can be applied in forecasting the time

series that approximately satisfy linear recurrent formulae
(LRF):

(7) yi+d =
d∑

k=1

αkyi+d−k, 1 ≤ i ≤ N − d

of some dimension d with the coefficients α1, . . . , αd. It
should be noted that d = rankX= rank XXT (the order of
the SVD decomposition of the trajectory matrix X). An
important property of the SSA decomposition is that, if the
original time series YN satisfies the LRF (7), then for any
N and L there are at most d nonzero singular values in the
SVD of the trajectory matrix X; therefore, even if the win-
dow length L and K = N −L+1 are larger than d, we only
need at most d matrices Xi to reconstruct the series. Let us
now formally describe the algorithm for the SSA forecasting
method. The SSA forecasting algorithm, as proposed in [7],
is as follows:

1. Consider a time series YN = (y1, . . . , yN ) with length
N .

2. Fix the window length L.
3. Consider the linear space Lr ⊂ RL of dimension r < L.

It is assumed that eL /∈ Lr, where eL = (0, 0, . . . , 1) ∈
RL.

4. Construct the trajectory matrix X = [X1, . . . , XK ] of
the time series YN .

5. EOF step; construct vectors Ui (i = 1, . . . , r) form the
SVD of X. Note that Ui is an orthonormal basis in Lr.

6. Orthogonal projection step; estimate matrix X̂ = [X̂1 :
· · · : X̂K ] =

∑r
i=1 UiU

T
i X. The vector X̂i is the orthog-

onal projection of Xi onto the space Lr.
7. Hankellization step; construct matrix X̃ = HX̂ = [X̃1 :

· · · : X̃K ] is the result of the Hankellization of the ma-
trix X̂.

8. Set v2 = π2
1 + · · · + π2

r , where πi is the last component
of the vector Ui (i = 1, . . . , r). For any vector U ∈ RL

denote by U� ∈ RL−1 the vector consisting of the first
L − 1 components of the vector U . Moreover, assume
that eL /∈ Lr. This implies that Lr is not a vertical
space. Therefore, v2 < 1.

9. Determine vector A = (α1, . . . , αL−1):

A =
1

1 − v2

r∑
i=1

πiU
�
i .

It can be proved that the last component yL of any
vector Y = (y1, . . . , yL)T ∈ Lr is a linear combination
of the first yL−1 components, i.e.

yL = α1yL−1 + · · · + αL−1y1,

and this does not depend on the choice of a basis
U1, . . . , Ur in the linear space Lr.
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10. The h-step ahead forecasting procedure. In the above
notations, define the time series YN+h = (y1, . . . , yN+h)
by the formula

(8) yi =

⎧⎪⎨⎪⎩
ỹi for i = 1, . . . , N
L−1∑
j=1

αjyi−j for i = N + 1, . . . , N + h

where ỹi (i = 1, . . . , N) are the reconstructed series.
Thus, yN+1, . . . , yN+h form the h terms of the SSA re-
current forecast.

3.3 Multivariate singular spectrum analysis

The use of MSSA for multivariate time series was pro-
posed theoretically in the context of nonlinear dynamics in
[8]. There are numerous examples of successful application
of MSSA (see, for example, [9, 18–20], and [39]). Multivari-
ate (or multichannel) SSA is an extension of the standard
SSA to the case of multivariate time series.

Assume that we have an M -variate time series
(y(1)

j , . . . , y
(M)
j ), where j = 1, . . . , N and let L be window

length. Similar to univariate version, we can define the tra-
jectory matrices X(i) (i = 1, . . . ,M) of the one-dimensional
time series {y(i)

j } (i = 1, . . . , M). The trajectory matrix X
can then be defined as X = (X(1) . . .X(M))T . Now, it is
straightforward to expand the univariate approach of SSA
to the multivariate domain. The other stages of MSSA are
similar to the stages of the univariate SSA; the main differ-
ence is in the structure of the trajectory matrix X and its
approximation; these matrices are now block-Hankel rather
than simply Hankel.

4. SSA & STOCHASTIC TRENDS

4.1 Theoretical results

As noted in the introduction, many economic and finan-
cial time series are assumed to have stochastic trends, i.e.
non-stationary characteristics both in the mean and in the
variance. The presence of such stochastic trends has long
been acknowledged and there is a vast amount of literature
that deals with the problems that their presence creates for
econometric modeling. Here we are going to see what are the
implications for SSA modeling and forecasting when there
is such a stochastic trend presence in the series. See [22] for
a complete presentation on this topic.

Consider then a stochastic process {yt} with a stochastic
trend (or a unit root), that is:

(9) yt = yt−1 + ηt → yt =
t∑

j=1

ηj

with y0 = 0 and ηt a sequence of stationary and ergodic
random variables, with mean zero and variance σ2

η. A real-
ization YN = [y1, y2, . . . , yN ] is again available for this pro-
cess. What are the implications of the unit root assumption

for the resulting decomposition and minimum norm approx-
imation? As in the related literature, all results given here
are asymptotic, i.e. as N → ∞.

It can be shown, see [22], that the matrix of sample
(auto)covariances S converges to a simple stochastic ma-
trix whose decomposition is known, but only when appro-
priately scaled. To see this consider the following. Assume
for simplicity that ηt forms a sequence of i.i.d. random vari-
ables, although all results continue to hold for ηt obeying
mixing conditions. If we denote by M̂(L) the sample cross-
moment of order L, M̂(L) = N−1

∑N
t=L+1 ytyt−L, we seek

the asymptotic limit of M̂(L). The required limit is obtained
from known results as follows [23]. First, rewrite M̂(L) as:

M̂(L) =
1

2N

N∑
t=L+1

y2
t +

1
2N

N∑
t=L+1

y2
t−L−

1
2N

N∑
t=L+1

(yt−yt−L)2

and then note that both the first and second term on the
right-hand side of the above equation converge when scaled
by N to the following stochastic integral:

1
2N2

N∑
t=L+1

y2
t +

1
2N2

N∑
t=L+1

y2
t−L ⇒ σ2

η

∫ 1

0

W (r)2dr

where W (r) denotes standard Brownian motion and ⇒ sig-
nifies weak convergence in the appropriate space. Since the
last term on the right-hand side of the above equation con-
verges in probability to a constant we have that, for all L,

N−1M̂(L) ⇒ σ2
η

∫ 1

0

W (r)2dr.

If the stochastic process has an added drift then the above
results change as follows. Let yt = μ + yt−1 + ηt → μt +∑t

j=1 ηj with μ �= 0. As before expand M̂(L) as:

M̂(L) =
μ2

N

N∑
t=L+1

t2 − μ2L

N

N∑
t=L+1

t +
μ

N

N∑
t=L+1

tϕt−L

+
μ

N

N∑
t=L+1

tϕt −
μL

N

N∑
t=L+1

ϕt +
1
N

N∑
t=L+1

ϕtϕt−L

where ϕt =
∑t

j=1 ηj and note that the leading term is of
order O(N2). But upon scaling by N2 all other terms vanish
and we obtain that N−2M̂(L) ⇒ μ2/3. We can summarize
the above in the following propositions:

Proposition 1. Under the assumptions of equation
(9) we have that the matrix N−2S of scaled-by-N2

(auto)covariances M̂(L), its eigenvalues and eigenvectors
obey the following:

1. N−2S ⇒ σ2
ηJL,L

∫ 1

0
W (r)2dr, where W (r) is standard

Brownian motion and JL,L is a (L×L) matrix of ones.
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2. λ1 ⇒ σ2
ηL
∫ 1

0
W (r)2dr, λj ⇒ 0, for 2 ≤ j ≤ L, and

�1 = �1:1 ⇒ 1.
3. U1 ⇒ JL/

√
L, where JL is a (L × 1) vector of ones.

The theoretical implications of the above proposition are
straightforward. If the series under study exhibits stochas-
tic trends, in the form of a unit root, then SSA applied
to it simplifies considerably as there is only one significant
eigenvalue and the corresponding eigenvector takes on a very
simple form.1

Proposition 2. If the stochastic process of equation (9)
contains a non-zero drift term μ �= 0 the the above results
are modified as follows:

1. N−2S ⇒ μ2

3 JL,L

2. λ1 ⇒ Lμ2/3, λj ⇒ 0, for 2 ≤ j ≤ L, and �1 = �1:1 ⇒ 1.
3. U1 ⇒ JL/

√
L, where JL is a (L × 1) vector of ones.

4. Let λ̂1 denote the estimator of the first eigenvalue of
N−2S. It follows that a consistent estimator for μ is
given by: μ̂L =

√
3λ1/L ⇒ μ

Note that what is important for the application of the
SSA-based filter is that the eigenvector corresponding to the
leading eigenvalue is the same in both propositions, namely
U1 = JL/

√
L. Since the application of the SSA-based fil-

ter depends only on the limit eigenvector, and not on the
eigenvalue, we immediately ascertain that the presence of
the drift is irrelevant for successful smoothing.

There are practical implications as well. The form that
the leading eigenvector takes implies that we can obtain
explicit expressions for the reconstructed series and examine
the properties of the resulting weights. This is important
since, as we will now illustrate, it provides an SSA-based
justification for the use of moving averages in economic and
financial data. In fact, after doing some algebra we can arrive
at the following form for the reconstructed series:

ỹs =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
sL

s∑
j=1

L+(j−1)∑
t=j

yt, s ≤ L − 1

1
L2

L∑
j=1

s+(j−1)∑
t=s−L+j

yt, L ≤ s ≤ N − L + 1

1
(N − s + 1)L

N∑
j=s

j∑
t=j−L+1

yt, s > N − L + 1

The reconstructed series takes the form of a symmetric
moving average with weights that decline (increase) linearly
from the center value of the average, the weights summing-
up to one. In addition, it automatically takes care of the end
of the series so that the first smoothed value is a forward
moving average and the last smoothed value is a backward

1Note that this leading eigenvector is the same one appearing in many
types of orthogonal transforms, such as the discrete cosine transform,
see [40].

moving average. For the middle part of the series, i.e. for
L ≤ s ≤ n − L + 1 we can show that we have:

(10) ỹs =
1
L2

L−1∑
j=−L+1

(L−|j|)ys+j , for L ≤ s ≤ N−L+1

and, furthermore, this average is the solution to the local
optimization problem:

(11) ỹs = argmin
μs

L+1∑
j=−L+1

fj(ys+j − μs)2

where fj is the frequency of occurrence of each ys+j in the
average.

4.2 Connection with signal extraction
problems

Many signal extraction problems are formulated as hav-
ing two components: a signal in the form of a stochastic
trend and an observable series given as the signal plus added
noise. Clearly this framework can be handled by the SSA
methodology described in the previous section and, more-
over, one does not need to estimate any coefficients in doing
so. This is important for economic and financial data that
are plagued by structural breaks.

As an illustration, consider a simple example: the random
walk plus noise model (also known as local level model). Let
yt denote the observable stochastic process and let xt denote
the unobservable signal, which has a unit root. They are
assumed to be related by the following state space model:

yt = xt + εt
(12)

xt = xt−1 + ηt

where εt ∼ i.i.d.(0, σ2
ε ) is the observational noise and where

ηt ∼ i.i.d.(0, σ2
η) is the signal noise, with εt independent of

ηs for all (t, s). The properties of this model depend on the
“signal-to-noise” ratio q = σ2

η/σ2
ε : as q → 0 the signal is

buried in noise and is difficult to recover; as q → ∞ the
model collapses to the standard unit root model of equation
(9). Accurate MSE extraction of the signal component re-
quires estimation (via the Kalman filter) of the two variance
parameters and then fixed point smoothing. Is the method
proposed in this paper capable of separating the signal from
the noise in this set-up? To examine this, let us construct
the relevant trajectory matrices and the corresponding au-
tocovariance matrices. Denoting the trajectory matrices in
standard fashion as Xy, Xx and Xε and the corresponding
matrices of sample (auto)covariances as Sj for j = y, x, ε we
immediately obtain:

Xy = Xx + Xε
(13)

Sy = Sx + Sε + Sx,ε + Sε,x
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where Sx,ε,Sε,x are the cross-covariances between the sig-
nal and the noise trajectories. Under the rest of the as-
sumptions of equation (12), and using standard results (see
[22]), we have that asymptotically N−1Sε ⇒ σ2

ε IL and
N−1Sε,x(L) ⇒ χ, where χ is a stochastic matrix. However,
since Sx does not converge unless scaled by N−2 we end up
having N−2Sε ⇒ 0L,L, N−2Sx,ε ⇒ 0L,L and therefore:

(14) N−2Sy ≈ N−2Sx ⇒ σ2
ηJL,L

∫ 1

0

W (r)2dr

exactly as in Proposition 1. This result is of practical signif-
icance for the case of a unit root process which is contami-
nated with noise. Using SSA, we can extract the underlying
non-stationary signal directly, at least asymptotically. Com-
bining previous results on stationary SSA with the results
from the previous sections we can also select L, the degree
of smoothing appropriately: as q → 0 then L → N/2 with
N → ∞; as q → ∞ then L = o(N), e.g. L =

√
N .

For comparison with the SSA approach, we reproduce be-
low McElroy’s [41] matrix-based formulas for Kalman fixed
point smoothing for the local level model. Letting Δ denote
the (N ×N −1) matrix with -1 on its principal diagonal and
1 in its first lower diagonal and YN = [y1, y2, . . . , yN ] denote
the (1×N) vector of observations we have that the (N ×N)
matrix of optimal smoothing coefficients is given by:

(15) F N (σ2
ε , σ2

η) ≡ F N = (ΔΔT q + IN )−1

so that the optimal MSE signal estimate is given by ŶN =
E [X|Y ] = YNF N .

Figure 1 illustrates the above using a sample realization
from equation (12) with both εt and ηt being normally dis-
tributed and q = 1%, the noise variance being 100 times
greater than the signal variance, and with L =

√
N as be-

fore. The lower panel of the figure shows the true signal
and the two smoothed series, the one based on SSA and
the other on the application of fixed point smoothing (with
the parameters estimated). It is clear from the figure that
the non-parametric SSA smoother performs on par with the
parametric fixed point smoother. We further explore the
performance of the proposed methodology in the context
of signal extraction in the simulation section.

In the signal extraction framework one can accommodate
a comparison between the SSA method and the Hodrick-
Prescott [28] HP-filter that is used frequently in trend ex-
traction and smoothing in economics. It can be shown, see
for example [42] and [43], that the HP filter can be derived
from a signal extraction model similar to equation (12), but
the signal process yt has two instead of one unit roots, i.e.
(1 − B)2yt = ηt, with B being the backshift operator. The
filtered values can be computed using exactly the same for-
mula as in equation (15) before, with Δ being defined as
(N × N − 2) with −2 on its principal diagonal and 1’s on
the first upper and lower diagonals. Several methods have
been proposed in [42] and [43] to consistently estimate σ2

η,
σ2

ε and q from the data.

Figure 1. Sample realization from a local level model, signal
and smooth series.

4.3 Cointegration & other developments

A natural extension of the material in the previous sec-
tions is to consider multiple series with stochastic trends
and perform MSSA on them. This has not been extensively
considered, although [22] has provided a thorough treatment
of the bivariate case that includes SSA-based estimation of
the cointegration coefficient and SSA-based smoothing of
the common stochastic trends. There is, however, room for
additional work on this topic using MSSA techniques.

Furthermore, one can define and use a number of related
predictors for the reconstructed component of the leading
eigenvalue, for both the univariate case and the multivariate
case. For the univariate case in particular, it can be shown
that the predictor of the smoothed reconstructed component
coincides with a simple backward moving average — this is
useful as it fully justifies (on SSA grounds) the use of moving
averages as trend predictors in financial time series.

Finally, in related work by Thomakos [24] the problem
of SSA-based smoothing of the m-period differences from a
process with a stochastic trend is studied extensively. That
is, one considers the differences yt − yt−m of the model in
equation (9). This is a non-trivial exercise with theoreti-
cal and practical significance. In the theoretical front it is
shown that SSA applied to these differences coincides with
a version of the discrete cosine transform. In the practical
front, we have that such differences appear all the time in
empirical analysis of economic and financial time series: for
example, annual inflation is defined as the 12-month differ-
ence of the (log of) monthly prices; or, consider overlapping
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multiperiod returns of a financial asset that are obtained by
such differencing as monthly (20-day) returns obtained by
differencing of daily prices.

5. SSA-BASED CAUSALITY TESTS

A question that frequently arises in time series analysis
is whether one economic variable can help in predicting an-
other economic variable. One way to address this question
was proposed by Granger in [44] where he formalized the
causality concept as follows: process X does not cause pro-
cess Y if (and only if) the capability to predict the series
Y based on the histories of all observables is unaffected by
the omission of X’s history (see also [45]). Testing causality,
in the Granger sense, involves using F -tests to test whether
lagged information on one variable, say X, provides any sta-
tistically significant information about another variable, say
Y , in the presence of lagged Y . If not, then “Y does not
Granger-cause X.”

Criteria for Granger causality typically have been real-
ized in the framework of multivariate Gaussian statistics
via vector autoregressive (VAR) models. It is worth men-
tioning that the linear Granger causality is not a causality
in the broad meaning of the word. It just considers linear
prediction and time-lagged dependence between two time
series. The definition of Granger causality does not include
a possibility of an instantaneous dependence between the
two series. It is not rare when instantaneous dependence
between two time series can be easily revealed, but since
the causality can go either way, one usually does not test
for instantaneous dependence. In this paper, we introduced
several criteria based on the SSA technique to test for the
instantaneous causality.

The general aim of the SSA-based causality tests is to
assess the degree of association between two arbitrary time
series (these associations are often called causal relationships
as they might be caused by the genuine causality) based on
the observation of these time series. We develop new tests
and criteria which will be based on the forecasting accuracy
and predictability of the direction of change of the SSA tech-
nique. For similarity and dissimilarity between SSA based
tests and Granger Causality tests, and empirical results see
[18] and [46].

5.1 Causality criteria based on forecasting
accuracy

The first criterion we use here is based on the out-of-
sample forecasting, which is very common in the framework
of Granger causality. The question behind Granger causality
is whether forecasts of one variable can be improved using
the history of another variable. Here, we compare the fore-
casted value obtained by the univariate procedure, SSA, and
by the multivariate one, MSSA. If the forecasting errors us-
ing MSSA are significantly smaller than the forecasting er-
rors of the univariate SSA, we then conclude that there is a
casual relationship between these series.

Let us consider in more detail the procedure of construct-
ing a vector of forecasting error for an out-of-sample test.
In the first step we divide the series XN = (x1, . . . , xN ) into
two separate subseries XR and XF : XT = (XR, XF ), where
XR = (x1, . . . , xR) and XF = (xR+1, . . . , xN ). The subseries
XR is used in the reconstruction step to provide the noise-
free series X̃R. The noise-free series X̃R is then used for
forecasting the subseries XF with the help of the recursive
h-step ahead forecast with SSA and MSSA. The forecasted
points X̂F = (x̂R+1, . . . , x̂N ) are then used for computing
the forecasting error, and the vector (xR+2, . . . , xN ) is fore-
casted using the new subseries (x1, . . . , xR+1). This proce-
dure is continued recursively up to the end of series, yielding
the series of h-step-ahead forecasts for univariate and mul-
tivariate SSA. Therefore, the two vectors of h-step-ahead
forecasts obtained can be used in examining the association
(or order h) between the two series. Let us now consider a
formal procedure of constructing a criterion of SSA causality
of order h between two arbitrary time series.

Let XT = (x1, . . . , xN ) and YT = (y1, . . . , yN ) denote two
different time series of length N . Set the window lengths L
common for both series. Using the embedding terminology,
we construct the trajectory matrices X = [X1, . . . , XK ] and
Y = [Y1, . . . , YK ] for the series XN and YN .

Consider an arbitrary loss function L. In economet-
rics, the loss function L is usually selected as the mean
square error. Let us first assume that the aim is to fore-
cast the series XT h-step ahead. Thus, the aim is to min-
imize L(XK+h − X̂K+h), where the vector X̂K+h is an es-
timate, obtained using a forecasting algorithm, of the vec-
tor XK+h = (xK+h, . . . , xT+h). The vector XK+h can be
forecasted using either univariate SSA or MSSA. Let us
first consider the univariate approach. Define ΔXK+h

≡
L(XK+h−X̂K+h), where X̂K+h is obtained using univariate
SSA; that is, the estimate X̂K+h is obtained only from the
vectors [X1, . . . , XK ].

Let XN = (x1, . . . , xN ) and YN+d = (y1, . . . , yN+d) de-
note two different time series to be considered simultane-
ously and consider the same window length L for both se-
ries. Here d is an integer, not necessary non-negative. Now,
we forecast xN+1, . . . , xN+h using the information provided
by the series YN+d and XN . Next, compute the statistic
ΔXK+h|YK+d

≡ L(XK+h − X̃K+h), where X̃K+h is an esti-
mate of XK+h obtained using MSSA. This means that we
simultaneously use vectors [X1, . . . , XK ] and [Y1, . . . , YK+d]
in forecasting the vector XK+h. Now, define the criterion
F

(h,d)
X|Y = ΔXK+h|YK+d

/ΔXK+h
corresponding to the h step

ahead forecast of the series XT in the presence of the se-
ries YT+d. Note that d is any given integer (even negative).
For example, F

(h,0)
X|Y means that d = 0 and that we use the

series XN and YN simultaneously (with zero lag). The cri-
terion F

(h,0)
X|Y can be used in evaluating the instantaneous

causality.
If F

(h,d)
X|Y is small, then having information obtained from

the series Y helps us to have a better forecast of the series X.
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This means there is a relationship between series X and Y
of order h according to this criterion. In fact, this measure
of association shows that there is much more information
about the future values of series X contained in the bivari-
ate time series (X, Y ) than in the series X alone. If F

(h,d)
X|Y

is very small, then the predictions using the multivariate
version are much more accurate than the predictions by the
univariate SSA. If F

(h,d)
X|Y < 1, then we conclude that the in-

formation provided by the series Y can be regarded as useful
or supportive for forecasting the series X. Alternatively, if
the values of F

(h,d)
X|Y ≥ 1, then either there is no detectable

association between X and Y or the performance of the uni-
variate SSA is better than of the MSSA (this may happen,
for example, when the series Y has structural breaks misdi-
recting the forecasts of X).

To assess which series is more supportive in forecasting,
we need to consider another criteria. We obtain F

(h,d)
Y |X in a

similar manner. Now, these measures tell us whether using
extra information about time series YN+d (or XN+d) sup-
ports XN (or YN ) in h-step forecasting. If F

(h,d)
Y |X < F

(h,d)
X|Y ,

we then conclude that X is more supportive to Y than Y

to X. Otherwise, if F
(h,d)
X|Y < F

(h,d)
Y |X , we conclude that Y is

more supportive to X than X to Y .
Let us now consider a definition for a feedback system ac-

cording to the above criteria. If F
(h,d)
Y |X < 1 and F

(h,d)
X|Y < 1,

we then conclude that there is a feedback between series X
and Y . We shall call it F-feedback (forecasting feedback)
which means that the use of a multivariate system improves
the forecasting for both series. For a F-feedback system, X
and Y are mutually supportive. To check if the discrepancy
between the two forecasting procedures are statistically sig-
nificant, one can employ the test performed in [18] and [46].

5.2 Direction of change based criteria

The direction of change criterion shows the proportion
of forecasts that correctly predict the direction of the se-
ries movement. For the forecasts obtained using only XN

(univariate case), let ZXi take the value 1 if the forecast
observations correctly predicts the direction of change and
0 otherwise. Then Z̄X =

∑n
i=1 ZXi/n shows the proportion

of forecasts that correctly predict the direction of the se-
ries movement (in forecasting n data points). The Moivre-
Laplace central limit theorem implies that, for large sam-
ples, the test statistic 2(Z̄X −0.5)n1/2 is approximately dis-
tributed as standard normal. When Z̄X is significantly larger
than 0.5, then the forecast is said to have the ability to pre-
dict the direction of change. Alternatively, if Z̄X is signifi-
cantly smaller than 0.5, the forecast tends to give the wrong
direction of change.

For the multivariate case, let ZX|Y,i takes a value 1 if the
forecast series correctly predicts the direction of change of
the series X having information about the series Y and 0
otherwise. Then, we define the following criterion: D

(h,d)
X|Y =

Z̄X/Z̄X|Y , where h and d have the same interpretation as for
F

(h,d)
X|Y . The criterion D

(h,d)
X|Y characterizes the improvement

we are getting from the information contained in YT+h (or
XT+h) for forecasting the direction of change in the h step
ahead forecast.

If D
(h,d)
X|Y < 1, then having information about the series

Y helps us to have a better prediction of the direction of
change for the series X. Alternatively, if D

(h,d)
X|Y > 1, then

the univariate SSA is better than the multivariate version.
To find out which series is more supportive in predict-

ing the direction of change, we consider the following cri-
terion. We compute D

(h,d)
Y |X in a similar manner. Now, if

D
(h,d)
Y |X < D

(h,d)
X|Y , then we conclude that that X is more sup-

portive (with respect to predicting the direction) to Y than
Y to X. Similar to the consideration of the forecasting accu-
racy criterion, we can define a feedback system based on the
criterion characterizing the predictability of the direction of
change. To test the significance of the values of D

(h,d)
X|Y , we

use the test developed in [18] and [46].

6. SSA BASED ON THE MINIMUM
VARIANCE ESTIMATOR

The SSA algorithms that have been considered in litera-
ture are based on the standard SVD and the least squares
(LS) estimate (see, for example, [7] and references therein).
The LS estimator projects the noisy time series onto the
perturbed signal (noise + signal) subspace. Therefore, the
reconstructed series using LS estimator has the lowest possi-
ble (zero) signal distortion and the highest possible residual
noise level. Moreover, the disadvantage of LS is that the per-
formance of the LS estimator is crucially dependent on the
estimation of the signal rank r. That is, selecting singular
values in LS is a binary approach. To overcome this prob-
lem, Hassani [15] considered an alternative method which is
based on the minimum variance (MV) estimator. The MV
estimator is the optimal linear estimator, which gives the
minimum total residual power [47, 48].

Consider a noisy vector YN of length N . Consider again
the signal-plus-noise series without any assumptions about
the nature of the signal:

(16) YN = XN + EN ;

here XN represents the signal component and EN the noise
component and, as before, we can write the corresponding
trajectory matrices as:

(17) Sy = Sx + Se,

The SVD of the matrix Sy can be written as:

(18) Sy = UΣVT = [Ux Ue]
[

Σx 0
0 Σe

] [
VT

x

VT
e

]
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where Ux ∈ R
L×r, Σx ∈ R

r×r and Vx ∈ R
K×r. We can

also represent SVD of the Hankel matrix of the signal Sx

as:

(19) Sx = [Ux Ux]
[

Σx 0
0 0

] [
VT

x

VT
x

]
It is clear that the Hankel matrix Sx can not be recon-

structed exactly if it is perturbed by noise. To remove the
effect of the noise term, we assume that the vector space
of the noisy time series (signal) can be split in mutually
orthogonal noise and signal + noise subspaces. The compo-
nents in the noise subspace are suppressed or even removed
completely. Therefore, one can reconstruct the noise free
series from signal+noise subspace by choosing the weight.
Thus, by adapting the weights of the different singular com-
ponents, an estimate of the Hankel matrix Sx, which corre-
sponds to a noise-reduced series, can be achieved:

(20) Sx = U(WΣ)VT ,

where W is the diagonal matrix containing the weights.
Now, the problem is choosing the weight matrix W.

Let us now consider the weight matrix W based on the
LS and MV estimates. The LS and MV estimates can be
defined based on the weight matrix Wr×r as follows:

ŜxLS = Ux(WLSΣx)VT
x(21)

ŜxMV = Ux(WMV Σx)VT
x

where

WLS = Ir×r(22)
WMV = diag

((
1 − σ2

noise

λ2
1

)
, . . . ,

(
1 − σ2

noise

λ2
r

))
7. SSA BASED ON THE PERTURBATION

THEORY

As appears from LS and MV estimate, the singular values
are different, but the left and right singular vector of the LS
and MV estimates are the same and both contain noise term.
It is clear that we can obtain a better reconstructed series if
we remove the noise term from these matrices. Let us define
the following matrices:

Ũx = Ux + δUx

Ṽx = Vx + δVx(23)

Σ̃x = Σx + δΣx

Therefore, the ideal situation is that we remove the noise
terms δUx, δΣx, and δVx. Note that in minimum variance
estimator, we tried to remove δΣx, and in basic SSA we
kept all these noisy terms in SVD expansion. An approxi-
mation of Ux, Σx and Vx, up to second order perturbation

Table 1. Matrices GU , GΣ and GV for different estimator

Estimation Method GU GΣ GV

Least Square I I I
Minimum Variance I WMV I

Perturbation Theory PU PΣ PV

theorem, has been introduced in [16]. We do not provide the
mathematical formula here and refer the interested reader
to [16]. In general, an estimation of signal matrix can be
represented as follows:

(24) Ŝx = (GUŨx)(GΣΣ̃x)(GV ṼT
x )

where matrices GU , GΣ and GV , based on the least square,
minimum variance and perturbation theory, are represented
in Table 1 where I is an identity matrix, WMV was intro-
duced in (22), and matrices PU , PΣ and PV are obtained
up to second order perturbation theory.

Let us now examine the capability of the SSA technique
based on the perturbation theory (SSAPT ), in reconstruct-
ing and forecasting simple simulated sinusoidal series:

S012 = β0 + β1Y1 + β2Y2 + β3Y3 + εt

S01 = β0 + β1Y1 + β2Y2 + εt(25)

S1 = β1Y1 + β2Y2 + εt

where Y1 = Sin(2tπ/12), Y2 = Sin(2tπ/7), Y3 =
Sin(2tπ/5), and εt is a white noise series. In total 300 data
were generated and we added different normally distributed
noise to each point of the original series. The simulation
was repeated 1,000 times. Note that usually every harmonic
component with a different frequency produces two eigen-
triples with close singular values (except for frequency 0.5
which provides one eigentriples with saw-tooth singular vec-
tor). For example, one needs to select the first five eigenval-
ues for reconstruction of the series S012, and the first three
for the series S01. It should be noted that we need to con-
sider one eigentriple for the intercept, which is the first one
in this particular example. To calculate the precision we use
the ratio of Root Mean Square Error (RRMSE): Note that,
if RRMSE < 1, then SSAPT procedure outperforms alter-
native prediction method. Alternatively, RRMSE > 1 would
indicate that the performance of the corresponding SSAPT

procedure is worse than the predictions of the competing
method.

Let us now consider the effect of noise reduction with re-
spect to different window length L which is the single param-
eter in decomposition stage. Certainly, the improper choice
of L would imply an inferior decomposition. It should be
noted that variations in L may influence the separability fea-
tures when applying SSA, specifically the orthogonality and
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Figure 2. The value of RRMSE in reconstructing of noisy
series S012 for different window length.

Figure 3. The value of RRMSE in reconstructing of noisy
series S01 for different window length.

closeness of the singular values. Here we consider L between
10 and 70 which is approximately N/3 (here N = 200).

Figures 2–4 show the RRMSE of reconstructed series for
different simulated series. As it appears from these figures,
SSAPT has a better performance in reconstruction noisy
series, particulary for small window length. The performance
of both methods are similar for a large window length.

As the figures show, RRMSE tends to 1 as the window
length increases confirming that both methods have simi-
lar performance for a large window length. The graphs also
show that there is a gradual increase in RRMSE with win-
dow length. For example for window length 10, the perfor-
mance of SSAPT is up to 15% better than SSALS in recon-
struction noisy series S01. However, there is not a significant
discrepancy between the performance of SSAPT and SSALS

for window length greater than 50.
Note that the minimum value of RMSE for both SSAPT

and SSALS occurs for a large window length. Let us, for
example, consider the RMSE of SSAPT and SSALS in re-
constructing S012 in more detail. Figure 5 shows the RMSE

Figure 4. The value of RRMSE in reconstructing of noisy
series S1 for different window length.

Figure 5. The value of RMSE in reconstructing of noisy sin
for different window length using SSAPT (dashed line) and

SSALS (thick line).

of SSAPT and SSALS . As it can be seen from the figure,
there is a gradual decrease in RMSE with window length.
In fact, the maximum accuracy in reconstruction, using both
methods, occurs for a large window length. The figure also
shows that the RMSE of SSAPT is smaller than those ob-
tained using SSALS . Moreover, the figure indicates that the
discrepancy between SSAPT and SSALS reduces as window
length increases.

8. SMOOTHING & SIGNAL EXTRACTION

8.1 Simulations results

In this section we present some simulation results on the
performance of the SSA-based smoother in the context of
the signal extraction problem. The data generating process
is the local level model of equation (12) with different values
for the signal-to-noise ratio q and different assumptions on
the distribution of ηt. For a sample size of N = 250 observa-
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Table 2. Dispersion of residuals from true signal, N = 250,
εt ∼ K(0, σ2

ε ) and ηt ∼ K(0, σ2
η)

Average Mean Squared Error

q KFP SSA-
√

N PP-
√

N ES SSA-O PP-O
0.01 0.22 0.25 0.31 0.50 0.80 0.32
0.10 0.06 0.08 0.09 0.15 0.09 0.18
1.00 0.02 0.07 0.07 0.06 0.03 0.17

Average Mean Absolute Error

q KFP SSA-
√

N PP-
√

N ES SSA-O PP-O
0.01 0.38 0.40 0.44 0.55 0.68 0.45
0.10 0.20 0.22 0.24 0.30 0.24 0.33
1.00 0.11 0.20 0.21 0.20 0.14 0.31

Notes to Table 2. The column nomenclature is as follows: KFP denotes
Kalman fixed point smoothing; SSA-

√
N and PP-

√
N denote SSA and

Phillips’ smoothing with L fixed to
√

N ; SSA-O and PP-O denote SSA
and Phillips’ smoothing with L∗ selected via equation proposed in [22].

Table 3. Selected degree of smoothing L∗

N=250 N=500
q SSA-O PP-O SSA-O PP-O

0.01 6 7 7 9
0.10 6 7 8 10
1.00 6 8 8 11

Note to Table 3. For column nomenclature see note of Table 2.

tions, we perform a signal extraction using: (a) the Kalman
fixed point smoother; (b) the SSA approach of this paper
with fixed L and L∗2; (c) the approach of Phillips (2005)
[27] with fixed L and L∗; and (d) exponential smoothing.
For (a) and (d) the relevant parameters are estimated from
the data. There are 500 replications and reported are aver-
age mean-squared and mean-absolute errors for the residuals
from the true signal. Specifically, if ỹt,ij denotes the signal
estimate for the ith replication for the jth method the tables
below report:

AMSEj =
1

500

500∑
i=1

[
1
N

N∑
t=1

(yt,i − ŷt,ij)2
]

,

(26)

AMAEj =
1

500

500∑
i=1

[
1
N

N∑
t=1

|yt,i − ŷt,ij |
]

For the same simulations the average value of the selected
L∗ using the methodology proposed in [22]. These results
are summarized in Tables 2–4.

The results in Table 2 are extremely encouraging. The
fixed L =

√
N filter is very competitive to the Kalman fixed

point filter, which is optimal for the data generating pro-
cess. For the AMSE on the top panel of the table we can
observe that as q increases the performance of the optimal
2L∗ represents an ‘optimally’ selected value of the threshold based on
the methodology in [38] where the degree of smoothing is selected so
as to minimize the absolute value of the expected sign of the residuals
from smoothing.

Table 4. Dispersion of residuals from true signal, N = 250,
εt ∼ K(0, σ2

ε ) and ηt ∼ t(2)ση

Mean Squared Error

q KFP SSA-
√

N PP-
√

N ES SSA-O PP-O
0.01 0.58 0.93 1.13 1.50 1.03 2.18
0.10 0.16 0.63 0.68 0.61 0.31 1.40
1.00 0.03 0.68 0.75 0.47 0.24 1.59

Mean Absolute Error

q KFP SSA-
√

N PP-
√

N ES SSA-O PP-O
0.01 0.57 0.61 0.68 0.83 0.74 0.95
0.10 0.30 0.49 0.53 0.49 0.35 0.78
1.00 0.14 0.49 0.53 0.33 0.26 0.81

Note to Table 4. Column nomenclature and table entries as in Table 2.

L∗ filter also becomes very competitive to the Kalman fil-
ter, eventually matching it. For the AMAE on the bottom
panel of the table we see a similar situation as with the
AMSE results. Overall we can say that (a) the fixed L SSA-
based filter of this paper can be used reliably for this type of
data generating process; and (b) the optimal L∗ SSA-based
filter is to be preferred when the signal-to-noise ratio is rel-
atively large. Phillip’s smoother is trailing after the SSA
smoother, its performance being slightly worse. The expo-
nential smoother performs well only for q = 1, as expected.
Finally, the results in Table 3 summarize the average L∗

that was selected across replications.
In Table 4 we have a variation of the results in Table 2.

Here the signal noise is generated by a Student t(2) distribu-
tion scaled by a factor ση. This distribution does not have
finite second moments so the meaning of q is not the same
as before. Nevertheless it is instructive to look at the perfor-
mance of the various filters. We can see that the performance
of almost all filters deviates more substantially than before
from the performance of the Kalman fixed point filter and
their differences do not significantly diminish as q increases
(this was expected since for any value of q the signal has
infinite variance). It is only the optimal L∗ SSA-based filter
that can come close to the Kalman fixed point filter and its
performance improves as q increases.

8.2 Real data set: U.S. GDP

As an application, adapted from Thomakos [22], we com-
pare the SSA-based smoother with the Hodrick-Prescott
(HP) filter for the series of quarterly observations of the
U.S. real GDP (series GDPC96 from the Federal Reserve
Bank of St. Louis Database, in billions of chained 2,000 dol-
lars). The series has N = 244 quarterly observations from
1947:Q1 to 2007:Q4. The HP filter has been used widely in
smoothing trending economic time series and the original
paper [28] was followed by much literature on optimal fil-
tering. Here we show that the SSA-based filter of this paper
performs on par with the HP filter, either when a naive value
is used for the smoothing parameter q or when the value of
the smoothing parameter is optimized. Consider first the
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Figure 6. SSA and HP Smoothing of the U.S. Real GDP -
smoothing parameters are fixed to L =

[√
244
]

= 15 and
q = 1, 600 respectively.

case where q = 1, 600, the value suggested by Hodrick and
Prescott in their paper [28] for quarterly data, and compare
it with the SSA-based filter with L fixed to L =

√
N .

Figure 6 contains the results. There are several things
to notice: first, see that both filters achieve practically the
same degree of smoothing over the entire length of the series
and produce practically identical residuals, with the excep-
tion of the end of the series. This is due to the construc-
tion of the two filters: in the SSA case the last value of the
smoothed trend is an unweighted backward moving average.
This can be seen as a shortcoming of the SSA-based filter
which brings us to a question: are the two filters, as applied,
comparable? The answer is clearly no!

As noted before, the underlying stochastic model on
which the HP filter is based, is for a time series with two not
one unit root. To make a meaningful comparison, we need
to apply the SSA filter in the first differences of the GDP
series and then cumulate the extracted signal. The results
from this approach are presented in Figure 7.

One can now make a meaningful comparison between the
two filters and we can see that they now match everywhere,
both in the smooth trends and the corresponding residuals;
see the differences in the scatterplots between Figure 6 and
Figure 7. We therefore see that the proposed SSA-based
filter achieves the same degree of smoothness as the standard
HP filter, after taking into account the stochastic model
under which the HP filter operates. All the above analysis
was repeated with both L and q (in HP filter) selected in an
optimal fashion but the results were qualitatively similar to

Figure 7. SSA and HP Smoothing of the U.S. Real GDP,
SSA filter applied in differences - smoothing parameters are

fixed to L =
[√

244
]

= 15 and q = 1, 600 respectively.

the ones already presented. For a more in-depth analysis on
this series using methods presented in this paper see [22].

We next turn to the modeling of the annual growth rate
of this series. The annual growth rate of real GDP is an im-
portant measure of economic strength and there is much in-
terest in analyzing its properties. The actual and smoothed
series are given in Figure 8. We can see that the smoothed
series tracks annual growth all along except for the sharpest
peaks and troughs, explaining over 90% of the variability
of annual growth. Also given in the figure are the residu-
als from the smooth trend and the spectrum of the smooth
trend. The cyclical features of growth can be seen both in
the series itself and in the residuals from the smooth trend;
in the latter the reduction in the volatility of growth during
the 1990’s is also evident.

In the bottom panel of Figure 9 we can see the spectral
density of the smooth trend of the series. There are two clear
power peaks at frequencies that correspond to periods of 20
and 9.2 quarters, i.e. 5 and about 2.3 years respectively. It
also interesting to examine the shape and power properties
of the two components of the smooth trend. These are given
in Figure 9. In the top panel we can see the components of
the smooth trend and in the bottom panel we can see the
corresponding spectral densities. As expected, the first com-
ponent is the slow moving one and has much of its power
concentrated at the lower frequency of 5 years; the second
component is less smooth has its power on the higher fre-
quency of 2.3 years.
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Figure 8. Actual, smoothed and residual series, annual U.S. real GDP growth.

Figure 9. Smooth components and their corresponding
spectra, annual U.S. real GDP growth.

9. FORECASTING

9.1 Complex trend and strong seasonality

The SSA is especially useful for analyzing and fore-
casting series with complex seasonal components and non-
stationarity. Thus, unlike ARIMA models, choosing an ap-
propriate degree of differencing is not an important issue
in SSA. Hassani et al. [12] considered the eight series of
monthly industrial production indices for Germany, France
and the UK. Fig. 12 (top) presents such a series, indicating
a complex trend and strong seasonality. Almost all of the
industrial production series have a complex structure with
nonlinear trends and complex seasonality. Therefore, they
found superiority of SSA over classical techniques.

Selection of the window length L

Knowing that the time series may have a periodic compo-
nent with an integer period, to achieve a better separability
of this periodic component it is advisable to take the win-
dow length proportional to that period. For example, the
assumption that there is an annual periodicity in the se-
ries suggests that we must pay attention to the frequencies
f/12 (f = 1, ..., 12). As it is advisable to choose L reason-
ably large (but smaller than N/2 which is 162 in this case),
we choose L = 120.

390 H. Hassani and D. Thomakos



Figure 10. Logarithms of the 120 eigenvalues.

Figure 11. Matrix of w-correlations for the 120 reconstructed
components.

Selection of r

Auxiliary information can be used to choose the param-
eters L and r. Below we briefly explain some methods that
can be useful in the separation of the signal from noise. Usu-
ally a harmonic component produces two eigentriples with
close singular values (except for the frequency 0.5 which
provides one eigentriple with the saw-tooth singular vec-
tor). Another useful insight is provided by checking breaks
in the eigenvalue spectra. Additionally, a pure noise series
typically produces a slowly decreasing sequence of singular
values. Choosing L = 120 and performing SVD of the tra-
jectory matrix XXT , we obtain 120 eigentriples, ordered by
their contribution (share) in the decomposition. Fig. 10 de-
picts the plot of the logarithms of the 120 singular values.
Here a significant drop in values occurs around compo-

nent 19 which could be interpreted as the start of the noise
floor. Six evident pairs, with almost equal leading singular
values, correspond to six (almost) harmonic components of

Figure 12. Reconstructed trend (top), harmonic (middle) and
noise (bottom).

the series: eigentriple pairs 3–4, 6–7, 8–9, 10–11, 14–15 and
17–18 are related to the harmonics with specific periods (It
has been shown that they correspond to the periods of 6,
4, 12, 3, 36 and 2.4 months [12].) Another way of group-
ing is to examine the matrix of the absolute values of the
w -correlations [7]. Fig. 11 shows the w -correlations for the
120 reconstructed components in a 20-grade grey scale from
white to black corresponding to the absolute values of cor-
relations from 0 to 1. Based on this information, we select
the first 18 eigentriples for the reconstruction of the original
series and consider the rest as noise.

Identification of trend, harmonics and noise components

Trend is a slowly varying component of a time series
which does not contain oscillatory components. Hence to
capture the trend in the series, we should look for slowly
varying eigenvectors. Fig. 12 (top) shows the extracted trend
which is obtained from the eigentriples 1, 2, 5, and 12–13.
It clearly follows the main tendency in the series.

Fig. 12 (middle) represents the selected harmonic compo-
nents (3,4, 6–11, 14–18) and clearly shows the same pattern
of seasonality as in the original series. Thus, we can classify
the rest of the eigentriples components (19–120) as noise
(for more information see [12]). Fig. 12 (bottom) shows the
residuals which are obtained from these eigentriples. The
w-correlation between the reconstructed series (the eigen-
triples 1–18) and the residuals (the eigentriples 19–120) is
equal to 0.0006, which can be considered as a confirmation
that this grouping is very reasonable.
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Comparison of the accuracy of the forecasts

Hassani et al. [12] considered the forecasting performance
of the SSA, ARIMA and Holt-Winter techniques at differ-
ent horizons h, of up to a year for the European Industrial
Production. The results were represented for h = 1, 3, 6
and 12 (months). They considered in-sample and out-of-
sample forecasting performance. The results showed that
SSA has produced lower RMSE and gives the highest R2 for
all the series for the in-sample results. The results of out-
of-sample forecast reported in [12] shows that the quality
of 1-step ahead forecasts are similar for ARIMA and SSA;
Holt-Winter forecasts being slightly worse. The quality of
SSA forecasts at horizons h = 3, 6 and 12 is much better
than the quality of ARIMA and Holt-Winter forecasts. As
h increases, the quality of ARIMA and Holt-Winter fore-
casts becomes worse; the standard deviation of the ARIMA
and Holt-Winter forecasts increases almost linearly with h.
The situation is totally different for the SSA forecasts: the
quality of SSA forecasts is almost independent of the value
of h (at least, in the range of values of h considered in their
paper).

9.2 Short time series

An important feature of SSA is that it can be used for an-
alyzing relatively short and non-stationary series [10]. Has-
sani and Zhigljavsky [10] considered 16 quarterly data sets
each containing 68 data points, and 16 yearly data sets
which contain 45 observations. They used the series of Ira-
nian GDP (quarterly) as the main data set for illustrating
details of the practical application of the SSA methodology
for short time series. The forecasting results, for both yearly
and quarterly series, confirms that SSA works very well even
for short time series.

In parallel, they have performed SSA analysis and fore-
cast for the data taken in the logarithmic scale. They found
that taking logarithms of the data does not improve the
quality of the SSA forecast (on the opposite, it typically
leads to its deterioration). This is related to the fact that
the quarterly data have periodic components which are eas-
ier to extract when the data are considered in the original
scale (taking logarithms produces additional smoothing and
makes extraction of periodic components more difficult).

9.3 Exchange rate series

The most prominent models used in predicting the ex-
change rates in the fundamentalist tradition include the pur-
chasing power parity theory [4, 49, 50], sticky-price mon-
etary model [49], the Balassa-Samuleson productivity dif-
ferential model, the behavioral equilibrium exchange rate
model, and the interest rate parity model [51].

The earlier empirical works in the latter strand of ex-
change rate economics often used linear stochastic models
such as ARIMA process, however, recent development in
nonlinear dynamical systems theory, methods of time-delay

embedding, and phase space reconstruction has opened up
the possibility of testing for presence of nonlinear, deter-
ministic structures in the dynamics of the exchange rates
[4]. In this context, the SSA technique has been used for
forecasting exchange rate series in [20].

Hassani et al. [20] used two series of daily exchange
rates: pound/dollar (UK) and Euro/dollar (EU). They per-
formed one-step ahead forecasting based on the most up-
to-date information available at the time of the forecast.
It is clear that, the correlation between the UK/dollar and
the EU/dollar exchange rate is high. This correlation moti-
vated them to use a multivariate version of the SSA tech-
nique. They found that the difference between MSSA pre-
dictions and RW are significant with respect to all chosen
criteria. The results confirmed, with strong evidence, that
using MSSA enables us to improve both accuracy and di-
rection of change of the forecasting results. Comparing to
univariate SSA, they improved the accuracy of the forecast-
ing results from only 4% (for univariate case) to 20% on
average. Therefore, using the EU exchange rate information
enabled them to improve the results up to 16% on average.

9.3.1 Connection with martingale theory

Note that finding whether SSA/MSSA forecasting proce-
dures for exchange rate series are superior to the random
walk (RW) forecasts or not, may be interpreted from the
viewpoint of martingale theory as follows.

A series {yt} is called a martingale (with respect to its
own past) if Et(yt+1|y1, . . . , yt) = yt for all t, i.e. if the series
has a unit root. It is widely believed that many financial
time series (including exchange rate series) are martingales
in this sense. If a series {yt} is a martingale (with respect
to its own past), then it is not possible to improve on the
random walk (RW) forecast, where ŷt+1 = yt is used as the
forecast for yt+1.

The results in [20] evaluate an important assumption for
prediction of the exchange rate series: indeed, we are unable
to build a forecasting method for the exchange rate series
that is more precise than the RW forecast, if the information
available was restricted to the series itself. However, when
we allowed ourselves to use additional information (the val-
ues of other exchange rate series of up to time t), then we
are able to build a forecast that is superior to the RW fore-
cast. This may imply that the exchange rate time series
are not martingales with respect to all available informa-
tion at the markets. Formally, if {yt} is the series we are
interested in and {xt} is a multivariate series of all other
currency exchange rates, then the results in [20] show that
Et(yt+1|y1, . . . , yt, x1, . . . , xt) �= yt, which is equivalent to
saying that the RW is not the best possible (in the RMSE
sense) forecast.

9.3.2 Connection of MSSA results with the EMH

Those financial economists who believe in efficiency of
financial markets, however, seriously doubt accurate pre-
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dictability of the financial asset prices. Efficient Market Hy-
pothesis (EMH) in its weak form implies that the returns of
financial asset prices are white noise processes consisting of
independent, identically distributed random variables. The
white noise nature of the returns implies that the series at
level follows a random walk model and is unpredictable.

In spite of the popularity of EMH, mostly in the aca-
demic circles, a vast literature dealing with predictions of
the financial asset prices exists. Reviewing the empirical
exchange rate economics literature one could discern two
strands of research in the field that closely follow fundamen-
talist and chartist (technical analyst and its rough coun-
terpart in academia time series analysts) that prevails in
prediction of equity prices in the stock markets. In the con-
text of exchange rate economics, the fundamentalists believe
that the money supply, the price level, national income, in-
terest rates, productivity, and other relevant economic vari-
ables determine exchange rates. The empirical results of the
present study are instructive in examining the efficient mar-
ket hypothesis controversy. Accordingly, we first present for-
mal discussions of the martingale games, random walk pro-
cesses, their relationship with the EMH, and then we elab-
orate on the implications of our findings for the EMH.

A stochastic process xt follows a martingale if

(27) Et(yt+1|Ωt) = yt

where Ωt is the information set at time t that includes yt

also. Equation (27) implies that if yt follows a martingale
the best forecast of yt+1 is yt, given the information set Ωt.

The implication of the fair game model (27) in financial
economics is that the returns of the asset price yt are un-
predictable, given the information set Ωt. Accordingly, the
information set Ωt is fully reflected in the asset price, and
this is known as the EMH3.

Note that one may restrict the information set Ωt only to
the asset’s past price history, making alternative represen-
tation of (27) as

(28) E(yt+1|yt, yt−1, . . .) = yt

What are the implications of the MSSA forecasting re-
sults for the EMH? Based on the results of random walk
predictions, which are based only on the past price his-
tory, we conclude that the currency markets are efficient.
However, the results based on MSSA which are obtained by
including other information, i.e. EU/dollar exchange rate,
clearly point to inadequacy of the random walk in modeling
exchange rate for predictions. Moreover, the superior results
obtained from the direction of change criterion, also provide
additional support for the view that currency markets may
not be efficient in the sense discussed above (for further in-
formation see [20]).
3We are using EMH in a generic sense, to avoid further discussion of
the types of efficient market hypothesis which is not germane to the
issue here.

9.4 Inflation rate series

In recent years a number of comparative studies of in-
flation forecasting methods resulted in two major insights
about inflation forecasting methods and inflation rate in
the United States. First, the studies are inconclusive about
the superiority of the competing forecasting methods. For
example, Stock and Watson [52] documents that Phillips
curve-based models tend to have the most accurate fore-
cast of the inflation in the United States up to 1996. While
Atkeson and Ohanian [53] contradicts the conclusion about
the relative forecasting accuracy of the Phillips curve-based
models and shows that a naive random walk model has a
superior predictive capability. Given that the dynamics of
the U.S. economy has gone through many variations due to
policy and structural changes during the time period under
consideration, one needs to make certain that the method
of prediction is not sensitive to the dynamical variations.
Therefore, SSA can be considered as a suitable technique
for the forecasting US inflation rate.

9.4.1 Forecasting US inflation rate based on the CPI-all and
CPI-core series

Let us now consider several U.S. price indexes in out-
of-sample, h-step-ahead moving prediction exercises. These
indices including consumer price index with and without
highly volatile food and energy items, CPI-all and CPI-core,
respectively as well as real-time quarterly chain-weighted
GDP price index. Specifically, we used monthly CPI-all and
CPI-core data for the period JAN 1986 – DEC 2006. We
do not report inflation forecasting based on GDP price in-
dex here (the results can be found in [16]). We use moving
h-step-ahead prediction, which means that we include all
available information for the predictions.

The MSSA has been used for forecasting inflation rate
based on the CPI-all and CPI-core series over the period
Jan-1986 to Dec-1996 that was used as the training set data
[16]. The forecasting results indicate that MSSA outper-
forms the random walk predictions in both one and 3-step
ahead forecasts. Additionally, the test results for the null
hypothesis of whether the percentages of the direction of
changes are greater than the pure chance (50%) shows that
all results are statistically significant and higher than a 50%
chance. The important result is that MSSA predicts direc-
tion of change for 3-step as accurately as it can predict 1-
step ahead. This confirms that we are able to capture the
hidden dynamic in the inflation series using MSSA which is
not usually captured by other classical methods. The results
obtained below can be considered as a confirmation for this
conclusion.

9.4.2 Comparison with the other methods

Comparative study is somewhat difficult, since data,
methods, forecasting horizons and error criteria are not uni-
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Table 5. RMSE of MSSA forecast with other models for
3-month ahead forecast for 3-month moving averages of
inflation rate based on the CPI-all and CPI-core series

Year N MSSA/AO MSSA/AR
CPI-all CPI-core CPI-all CPI-core

Jan 97–Dec 98 24 0.54** 0.34** 0.57** 0.27**
Jan 97–Dec 00 48 0.73** 0.37** 0.79** 0.31**
Jan 97–Dec 02 72 0.68** 0.45** 0.73** 0.39**
Jan 97–Dec 04 96 0.70** 0.42** 0.70** 0.40**
Jan 97–Aug 06 116 0.75** 0.39** 0.76** 0.36**

Year N MSSA/DFM88 MSSA/DFM158
CPI-all CPI-core CPI-all CPI-core

Jan 97–Dec 98 24 0.48** 0.68** 0.58** 0.26**
Jan 97–Dec 00 48 0.75** 0.36** 0.78** 0.35**
Jan 97–Dec 02 72 0.75** 0.38** 0.77** 0.34**
Jan 97–Dec 04 96 0.73** 0.40** 0.74** 0.38**
Jan 97–Aug 06 116 0.79** 0.37** 0.81* 0.36**

Note to Table 5. AO = Atkeson and Ohanian; AR = Autoregressive;
DFM88 = Dynamic factor model based on 88 variable; DFM158 =
Dynamic factor model based on 158 variables.

form. Nevertheless, we compare the results based on the
MSSA method with the results obtained from other infla-
tion prediction methods. Table 5 presents RMSEs of MSSA
prediction results and the forecasting results obtained using
the other models considered in this study for 3-step ahead
predictions. The results clearly indicate that MSSA outper-
forms other classical methods considered here.

The results for the direction of change can be found in
[16]. The results, not reported here, indicate that MSSA
method correctly predicts the direction of the change of
the CPI-Core consistently higher than the competing mod-
els. This is particularly true for longer prediction hori-
zons.

9.5 MSSA with different series length

One of the main advantages of MSSA compared to clas-
sical multivariate time series methods is that we can use
several series with different series length in SSA, whilst this
is not the cast for classical time series (the series should have
the same series length). The Index of industrial production
(IIP) is a typical example of such usage. The IIP series as
a leading economic indicator, is the most widely scrutinised
and intensively studied of all economic time series. How-
ever, this index is revised several times before a final figure
is published. The time between the publication of the initial
and final data is a lengthy one and thus forecasting the final
vintage of data on IIP is an important issue. Let us now
consider the structure of these series.

Let yv
t be the vth vintage (v = 1, . . . ,m) of the data on

variable y for the period t, where v = 1 indicates the initially
published data and v = m the finally published data. (In
practice, m may be taken to indicate the conditionally final
vintage.) Here m = 12.

Table 6. Forecasting results over period Jan 2001–March
2006

RMSE Bias DC
V P-V SSA RRMSE P-V SSA P-V SSA

1 1.71 1.53 0.90** −0.75 −0.55 0.75** 0.79**
2 1.60 1.43 0.90** −0.71 −0.52 0.76** 0.81**
3 1.48 1.33 0.90** −0.63 −0.46 0.76** 0.84**
4 1.37 1.23 0.90** −0.56 −0.42 0.73** 0.79**
5 1.28 1.16 0.91** −0.49 −0.35 0.81** 0.87**
6 1.14 1.06 0.92** −0.40 −0.29 0.86** 0.87**
7 1.02 0.97 0.95** −0.33 −0.25 0.89** 0.92**
8 0.92 0.86 0.94** −0.27 −0.20 0.92** 0.89**
9 0.79 0.76 0.96** −0.21 −0.16 0.92** 0.90**
10 0.66 0.65 0.98* −0.16 −0.12 0.94** 0.94**
11 0.54 0.52 0.98* −0.11 −0.08 0.97** 0.97**

The structure of the data which is published by Monthly
Digest of Statistics (MDS) is as follow:

(29)

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
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t

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
Thus, publication from a particular issue of MDS trace

back a diagonal of this data matrix which is a composite of
data of different vintages. The problem here is to forecast h
step ahead (h = 1, . . . , 11) of the final vintage, v = m, given
the information at time t. The forecast could be obtained
using classical univariate time series methods. However, the
forecasts are not optimal since other information (vintages)
available at time t are not used. For example, in forecasting
ym

t−m+1 we also have available information of yv
t−m+1 for

v = 1, . . . ,m − 1, each of which could itself be regarded
as a forecast of ym

t−m+1. This matter motivates us to use a
multivariate method for forecasting h step ahead of ym

t . For
example, to obtain the final vintage value at time t, ym

t , we
can use the information for the first vintage data y1

1 , . . . , y1
t

and the final vintage data ym
1 , . . . , ym

t−m.
The performance of the MSSA has been assessed by ap-

plying it to the first twelve vintages of the index of industrial
production in [19]. The results shows that the preliminary
vintage can not be viewed as an accurate forecast of the
final vintage and using SSA enables us to obtain more accu-
rate forecasts in terms of reducing the mean square errors.
It has been found that SSA performs well in predicting the
direction of change. Table 6 shows the results in details. As
appears from Table 6, there are gains to using SSA through-
out the revision process, these being between 8% and 11%
for vintage up to v = 5, reducing to 5% or slightly less for
latter vintages for basic SSA. Table 6 also shows the mean
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Table 7. The value of F
(h,m−i)
vm|vi and D

(h,m−i)
vm|vi in forecasting

of ith vintage of the index of industrial production series

ith Vintage L r F
(h,m−i)

vm|vi D
(h,m−i)

vm|vi

1 13 5 0.22* 0.45*
2 12 5 0.24* 0.47*
3 11 5 0.27* 0.48*
4 10 5 0.31* 0.50*
5 9 5 0.33* 0.55*
6 8 4 0.36* 0.61*
7 7 4 0.39* 0.65*
8 6 3 0.41* 0.70*
9 5 3 0.45* 0.73*
10 4 3 0.49* 0.77*
11 3 2 0.55* 0.82

prediction error for each vintage v = 1, . . . , 11, using the
SSA and initial estimates. As the table shows, the negative
bias present in just using preliminary vintage has also been
decreased. Table 6 provides the percentage of forecasts that
correctly predict the direction of change for each vintage.
It also shows whether they are significantly greater than
the pure chance (p = 0.50). The symbols ∗∗ in the table
indicate the 1% level of significance. The percentage of cor-
rect signs produced by SSA are all higher than those given
by the preliminary vintages and they are all significant at
the 1% level. The results obtained by MSSA are also much
better than VAR model in both forecasting accuracy and
predictability of direction of change (for more information
see [19].

We expect that there is a SSA causal relationship be-
tween preliminary vintage (vth vintage) and the final vin-
tage (mth vintage). To answer this, we need to forecast h
step ahead (h = 1, . . . , 11) of the final vintage, v = m, given
the information at time t. If the results of h step ahead
forecast MSSA are better than SSA, e.g. F

(h,m−i)
vm|vi < 1 and

D
(h,m−i)
vm|vi < 1, we then conclude that there is a SSA causal

relationship of order h between ith vintage and final vin-
tage. The value of F

(h,m−i)
vm|vi and D

(h,m−i)
vm|vi (i = 1, . . . , 11)

for each vintage and relative to single SSA is given in Ta-
ble 7. The results, without exception, confirm that there
exists a SSA causal relationship between each vintage and
the final vintage. In fact the results strongly indicate that
there is SSA causality between ith vintage and final vintage
is of order m − i. It should be noted that here i is equal
to h step ahead forecast which is the time lag difference
between ith vintage and final vintage. Here, as the results
show, SSA causality holds for lower lag order such as in the
case of the exchange rate series. This confirms that SSA
causality of order m− i has consequences for other orders of
causality. Note that here the problem of interest is one-side
causality as the final vintage is forecasted. The results of
Granger causality tests, also showed that there is a Granger

causal relationship between these series. This is not surpris-
ing as each column of the data matrix is a revised version
of the previous column and therefore they are high corre-
lated. It should be noted that the results of VAR model
in forecasting these series are worse than the MSSA results
[19].

10. CONCLUSION

Singular Spectrum Analysis (SSA) has emerged over the
past 20 years as a powerful tool for analyzing a variety of
time series. Although its origins lie in the natural sciences,
and the series associated from such processes, it has and
can be applied in several different fields. Economic and fi-
nancial time series have several characteristics that make
them amenable to SSA-based analysis, in smoothing, trend
extraction and forecasting. In this paper we provide a thor-
ough review of SSA in the context of economic and finan-
cial time series. Besides a concise overview and references of
the SSA methodology, we present: (a) theoretical results on
SSA applied to time series with unit-root non-stationarity &
connect them to filtering methods popular in economics (b)
a potential method for selecting the embedding dimension;
(c) two new methods for performing SSA based on minimum
variance and perturbation theory concepts; (d) the relation-
ship between SSA and causality testing and a large variety
of empirical results based on simulated and real-world time
series.

Both the theoretical developments and the results pre-
sented strongly support the use and potential of SSA in
economic and financial time series. As a non-parametric
method for smoothing and trend extraction we believe that
SSA should be part of the practitioners toolbox as it can
give results that are similar or better than those obtained
by current methods. As a forecasting method in economic
and financial time series SSA has given us some very promis-
ing results but has not revealed yet its full potential: issues
like optimizing the embedding dimension, the construction
of accurate predictive intervals, of forecasting trend compo-
nents (e.g. potential output, fair prices etc.) are still open
and can be pursued in future research.
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