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Determination of proportionality in two-part
models and analysis of Multi-Ethnic Study of
Atherosclerosis (MESA)
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∗

In MESA (Multi-Ethnic Study of Atherosclerosis), it is
of interest to model the development and progression of
CAC (coronary artery calcium). With about half of the CAC
scores equal to zero and the rest continuously distributed,
semiparametric two-part models are needed. Our main in-
terest lies in determining the (partial) proportionality be-
tween the two covariate effects in two-part models. Such
an investigation can provide important information on the
mechanisms underlying CAC development. We propose a
novel approach, which consists of penalized maximum like-
lihood estimation and a step-wise hypothesis testing proce-
dure to determine proportionality. Simulation shows satis-
factory performance of the proposed approach. Analysis of
MESA suggests that proportionality holds for all covariates
except LDL and HDL.

Keywords and phrases: Two-part models, Proportion-
ality, Semiparametric estimation.

1. INTRODUCTION

The MESA (Multi-Ethnic Study of Atherosclerosis) is an
ongoing study of the prevalence, risk factors, and progres-
sion of subclinical cardiovascular disease in a multi-ethnic
cohort (Bild et al. 2002). It provides a valuable opportunity
to study the development and progression of CAC (coronary
artery calcium), which is an important risk factor for vari-
ous coronary heart diseases. In MESA, the CAC is measured
with the Agatston score, which is the amount of calcium
at each lesion scaled by an attenuation factor and summed
over all lesions. The histogram in Figure 1 shows that the
CAC has a mixture distribution, with about half of the CAC
scores equal to zero and the rest continuously distributed.

Data with characteristics similar to that of CAC has been
referred to “zero-inflated data”. Existing methods for ana-
lyzing such data include the marginal likelihood method,
quasi-likelihood method (McCulloch and Searle 2001), pe-
nalized quasi-likelihood method (Yau and Lee 2001), non-
parametric maximum likelihood method (Min and Agresti

∗Corresponding author.

2005), Bayesian method (Ghosh et al. 2006), penalized like-
lihood method (Ma 2009) and others. Among available mod-
els, two-part models have attracted extensive attention.
Two-part models have a long history in economic, statis-
tical, and biomedical literature. Unlike alternatives such as
the promotion models (Thompson and Chhikara 2003), two-
part models do not assume specific data generating mech-
anisms. On a special note, two-part models have been sug-
gested as the default models for describing the CAC in
MESA (http://mesa-nhlbi.org/).

In two-part models, there are two covariate effects. The
focus of this study is on the determination of proportionality
between them. Denote X = (X1, X2, X3) as the covariate.
Motivated by Figure 1, we consider Y = log(1 +CAC) and
the following two-part model. In the first part, assume

φ−1(Pr(Y > 0|X)) = h(X),(1)

where φ is the link function, φ−1 is the inverse of φ, and
h(X) is the unknown covariate effect. In the second part of
the model, assume

for Y > 0 : Y |X = h∗(X) + ε,(2)

where h∗(X) is the unknown covariate effect and ε is the
random error.

With models (1) and (2), the two covariate effects are
proportional if h∗(X) = τh(X) with τ �= 0. In our study, a
biologically meaningful result demands τ > 0. In our data
analysis, such a result is naturally obtained without any con-
straint. When the full proportionality does not hold, there
can be multiple scenarios. Consider for example additive co-
variate effects with h(X) = h1(X1)+h2(X2)+h3(X3). Par-
tial proportionality holds if h∗(X) = τ(h2(X2) + h3(X3)) +
(τh1(X1)+ h̃(X1)) with h̃(X1) �= 0 and τ �= 0. That is, pro-
portionality of covariate effects holds for X2 and X3 but not
X1. Other partial proportionality scenarios can be defined
in a similar manner.

Determination of proportionality may provide a deeper
understanding of CAC development. Models (1) and (2)
describe the development of CAC in different ranges, with
model (1) describing the development from zero to nonzero
and model (2) describing the development above zero. If full
proportionality holds, then the same mechanism – which

http://www.intlpress.com/SII/


Figure 1. Analysis of MESA: histogram of log(1 + CAC).

corresponds to h(X) – determines development in both
ranges. In contrast, under the partial proportionality de-
scribed above, there may be two mechanisms. The first cor-
responds to h2(X2) + h3(X3), which remains the same in
both ranges of CAC values. In contrast, the mechanism cor-
responding to X1 differs between the two ranges. We note
that models (1) and (2) have different link functions and are
on different scales. However, when investigating covariate ef-
fects, we are more interested in contributions of covariates
relative to each other. Thus, it is meaningful to compare
h(X) against h∗(X).

Published proportionality studies include the zero-
inflated Poisson regression model in Lambert (1992) and
Albert et al. (1997), logit-(log) gamma two-part model in
Moulton et al. (2002), and logit-linear two-part model in
Han and Kronmal (2006). These studies show that deter-
mining proportionality structure can provide insights into
the biological mechanisms underlying (for example) disease
development. In addition, compared with models without
proportionality constraints, models with fully or partially
proportional covariate effects have fewer unknown parame-
ters and can be more accurately estimated.

The aforementioned proportionality studies have as-
sumed parametric covariate effects. For the CAC in MESA,
McClelland et al. (2006) and our analysis suggest that semi-
parametric models may be needed. With semiparametric

two-part models, we conjecture that determination of pro-
portionality with respect to parametric covariate effects can
be achieved using the hypothesis testing approach in Han
and Kronmal (2006), although such a possibility has not
been investigated. On the other hand, determination of pro-
portionality with respect to nonparametric covariate effects
has not been studied.

In this article, we investigate determination of propor-
tionality of covariate effects with semiparametric two-part
models. This study advances from published literature along
the following aspects. First, it advances from existing pro-
portionality studies by adopting flexible semiparametric
models. Second, the hypothesis testing approach (for deter-
mining proportionality) advances from published studies by
investigating semiparametric models and adopting a step-
wise approach that can accommodate multiple covariate ef-
fects. Third, this study advances from published two-part
model studies by investigating different models and more
importantly developing an effective approach for determin-
ing proportionality. Last, this study provides comprehensive
analysis of CAC, which may help advance our understanding
of the development of coronary heart diseases.

The rest of the article is organized as follows. We intro-
duce the data and model settings in Section 2. We describe
the proposed method in Section 3. We consider a penalized
maximum likelihood approach for estimation and a hypoth-
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esis testing approach for determination of proportionality.
We conduct simulation in Section 4 and analyze the MESA
data in Section 5. The article concludes with discussion in
Section 6.

2. DATA AND MODEL

Let Y = log(1+CAC). Without loss of generality, denote
X = (X1, X2, X3)

′ and Z = (Z1, Z2, Z3)
′ as covariates. In

the first part of the two-part model, assume that

φ−1(Pr(Y > 0|X,Z)) = β0 + β1X1 + β2X2 + β3X3(3)

+ f1(Z1) + f2(Z2) + f3(Z3)

= β′X̃ + f(Z),

where φ is the link function and φ−1 is its inverse. β =
(β0, β1, β2, β3)

′, X̃ = (1, X ′)′, and f(Z) = f1(Z1)+f2(Z2)+
f3(Z3). In the second part of the model, assume that for
Y>0:

Y |X,Z = τ(β0 + β1X1 + β2X2 + β3X3 + f1(Z1)(4)

+ f2(Z2) + f3(Z3)) + α0 + α2X2 + α3X3

+ g1(Z1) + g2(Z2) + g3(Z3) + ε

= τ(β′X̃ + f(Z)) + α′ ˜̃X + g(Z) + ε,

where α = (α0, α2, α3)
′, ˜̃X = (1, X2, X3)

′, g(Z) = g1(Z1) +
g2(Z2) + g3(Z3). For identifiability, we assume that for the
“anchor” covariate X1, τβ1 �= 0; in addition, Pfi = Pgi =
0, where P is the expectation. Motivated by Figure 1, we
assume ε ∼ N(0, σ2).

In (3) and (2), α, β, τ , and σ are the unknown para-
metric parameters. f and g are the unknown nonparametric
covariate effects. Motivated by McClelland et al. (2006), we
assume that f and g are smooth functions.

3. PENALIZED ESTIMATION AND
DETERMINATION OF
PROPORTIONALITY

We propose a penalized estimation approach and use
penalized splines for nonparametric covariate effects. The
equivalence between penalized spline models and mixed
models has been well established (Speed 1991; Wang 1998;
Wand 2003). We take advantage of this equivalence and
transform the hypothesis testing on proportionality to one
on fixed parameters and variance components in the corre-
sponding mixed models. Inference is then made through the
marginal likelihood of the semi-continuous data. Hypothe-
sis testing on variance components or smoothing parame-
ters, or more generally on nonparametric functions in semi-
parametric regression, has been investigated (Hardle et al.
1998; Zhang and Lin 2003; Claeskens 2004; Liu et al. 2005;
Crainiceanu et al. 2005; Fan and Jiang 2007; Jose Lombar-
dia and Sperlich 2008; Kauermann et al. 2009). We choose

the likelihood ratio based test, which has been shown to be
more powerful in the literature. The parametric bootstrap
is used to obtain approximated null distributions.

3.1 Penalized estimation

For an observation with covariate (X,Z) and response Y ,
the log-likelihood function is

l(α, β, τ, σ, f, g|X,Z)(5)

= I(Y > 0)

{
− 1

2
log(2π)− 1

2
log(σ2)

− (Y − τ(β′X̃ + f(Z))− α′ ˜̃X − g(Z))2

2σ2

}
+ I(Y > 0) log(φ(β′X̃ + f(Z)))

+ I(Y = 0) log(1− φ(β′X̃ + f(Z))).

In this study, we set φ as the logit link function. Assume
n iid observations. With smooth f and g, we consider the
penalized maximum likelihood estimate (PMLE)

(6) (α̂, β̂, τ̂ , σ̂, f̂ , ĝ) = argmax
{
Pnl − λ2

fJ
2(f)− λ2

gJ
2(g)

}
.

Here Pn is the empirical measure, λf and λg are the tuning

parameters, J2(f) =
∑3

i=1 J
2(fi) =

∑3
i=1

∫
(f

(s)
i )2dZi is the

penalty on smoothness, and f
(s)
i is the sth derivative of fi.

In this study, we set s = 2.

3.2 Estimation with thin plate splines

Under the assumptions described in Appendix, we limit
f̂ and ĝ to be spline functions. In general, the penalty in
(6) not necessarily leads to a thin plate spline solution.
However, when the regression function is one dimensional,
the thin plate penalty (equation (4.48) on page 135 of Gu
(2002)) is the same as the integrated squared second deriva-
tive penalty. This is demonstrated in Example 4.1 of Gu
(2002). In our study, the functions fis and gis are one di-
mensional and we use s = 2. Thus, we use thin plate splines
with K knots for estimation of the nonparametric covari-
ate effects. The penalized splines we use include smoothing
splines as a special case when the knots are the design points.
For the development of asymptotic properties, the full basis
function space (with knots at the design points) is needed.
In computation, we follow common practice and take the
number of knots to be smaller than the number of design
points. As a limitation of this study, we do not provide theo-
retical justification for the validity of this approach. Of note,
even though quite a few studies have used a smaller num-
ber of knots, only Kim and Gu (2004) provides a rigorous
development.

For a generic function m(x), its thin plate spline repre-
sentation is

(7) m(x) ≈ d0 + d1x+

K∑
k=1

ck|x− pk|3,
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where d0, d1 and cks are the unknown regression coefficients
and pks are the fixed knots.

For i = 1, 2, 3, at the design points, we have fi(Zi) =
Tidfi + Σicfi, gi(Zi) = Tidgi + Σicgi, where Ti = (1, Zi),
Σi = (|Zi − pi1|3, . . . , |Zi − piK |3), piks are the knots, and
dfi = (d0fi, d1fi)

′, dgi = (d0gi, d1gi)
′, cfi = (c1fi, . . . , cKfi)

′,
cgi = (c1gi, . . . , cKgi)

′ are the regression coefficients. Denote
θ =(α0, α2, α3, β0, β1, β2, β3, τ, σ, d′f1, d′f2, d′f3, d′g1,
d′g2, d

′
g3)

′ and b = (c′f1, c
′
f2, c

′
f3, c

′
g1, c

′
g2, c

′
g3)

′. Once the
knots are chosen following Wahba (1990), penalization on
the smoothness is equivalent to penalization on the coeffi-
cient b. To allow further flexibility, instead of using unified
λf and λg for all components of f and g, we can use different
λfi and λgi for i = 1, 2, 3. With these notations, the penal-
ized log-likelihood function defined in (6) can be rewritten
as

(8) Pnl(Y |θ, b, σ2)−
3∑

i=1

λ2
fic

′
fiDicfi −

3∑
i=1

λ2
gic

′
giDicgi,

with l(Y |θ, b, σ2) = I(Y > 0)η1 − log(1 + exp(η1))− I(Y >

0)
(

1
2 log(2π) +

1
2 log σ

2 + (Y−η2)
2

2σ2

)
, η1 = β0 + β1X1 +

β2X2 + β3X3 +
∑3

i=1(Tidfi + Σicfi), and η2 = τη1 + α0 +

α2X2 +α3X3 +
∑3

i=1(Tidgi +Σicgi). Di is a K ×K matrix
with its kth row equal to (|pik − pi1|3, . . . , |pik − piK |3).

The objective function defined in (8) is concave in both
θ and b, and can be maximized using the Newton-Raphson
approach.

3.2.1 Tuning parameter selection

We use a Generalized Maximum Likelihood (GML)
smoothing parameter selection approach, which is built on
a close connection between the penalized log-likelihood (8)
and log-likelihood of a mixed model. Although the connec-
tion between penalized smoothing and mixed models has
been previously observed (Speed 1991; Wang 1998; Wand
2003), we may be the first to explore this connection with
semi-continuous data. The main challenge is that the like-
lihood function of such mixed models involves high dimen-
sional integration, and the standard practice of using the
Laplace approximation leads to biased estimates of the vari-
ance components.

First we note that the penalized log-likelihood in (8) is
equivalent to the log joint likelihood of the response Y and
the following random effects:

(9) cfi ∼ N(0, D+
i /λ

2
fi), cgi ∼ N(0, D+

i /λ
2
gi), i = 1, 2, 3,

where D+
i is the Moore-Penrose inverse of Di (Graybill,

2001). The equivalence is due to c′hiDichi = c′hi(D
+
i )

+chi
for h = f, g. When the distribution of Y belongs to the ex-
ponential family, the log joint likelihood is exactly the penal-
ized quasi-likelihood (PQL) in Breslow and Clayton (1993),
which also discusses singular variance matrices of random
effects and recommends the use of Moore-Penrose inverse.

If we assume a flat prior on θ, then the GML criterion es-
timates the smoothing parameters and σ2 from the marginal
density of Y , which is

L(Y |λf1, λf2, λf3, λg1, λg2, λg3, σ
2)

(10)

=

∫
exp

(
Pnl(Y |θ, b, σ2)−

3∑
i=1

l(cfi)−
3∑

i=1

l(cgi)

)

× dθdcf1 · · · dcg3,

where l(cfi) and l(cgi) are the log-likelihood functions of the
normal distributions in (9).

If l(Y |θ, b, σ2) were a normal likelihood, the GML cri-
terion would give the REML estimates of the tuning pa-
rameters, which are the inverse of the variance components
in a mixed-effects model with cfis and cgis as the random
effects. Under this mixed-effects model framework, alterna-
tively, we can use a full marginal likelihood (ML) approach,
which allows us to estimate the fixed effect θ together with
the variance components. Here, the full marginal likelihood
of Y is

L(Y |θ, λf1, λf2, λf3, λg1, λg2, λg3, σ
2)

(11)

=

∫
exp

(
Pnl(Y |θ, b, σ2)−

3∑
i=1

l(cfi)−
3∑

i=1

l(cgi)

)

× dcf1 · · · dcg3.

The REML and ML approaches are asymptotically equiv-
alent, with the former more efficient for estimating variance
components and the latter more convenient for inferences.
In this study, since estimation and testing of both fixed ef-
fects and tuning parameters are of interest, we adopt the ML
approach and carry out the multivariate integration in (11)
using the spherical-radial quadrature algorithm (Monohan
and Genz 1997).

For a generic multivariate integration
∫
f(u)du with in-

tegration dimension d, the spherical-radial quadrature algo-
rithm involves two steps. First the integrand f(u) is trans-
formed into an approximate spherically symmetrical func-
tion f∗(x) through f∗(x) = |B|−1f(û+B−1x) where û and
H = B′B are the mode and the hessian matrix of the inte-
grand. For the integration in (11), the integrand is a concave
function with close-form gradient and hessian. The Newton-
Raphson algorithm can be used to find the mode û rather
quickly. After the transformation, a change of variable is per-
formed so that the multivariate integration is now in terms
of a scalar radius and a vector of length d. The second step
involves evaluating the transformed integrand at predefined
radial and spherical quadrature points. With the 7 point
Gauss-Kronrod rule for the radius and the simplex rule by
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Monahan and Genz (1997), this step needs 7(d + 1) inte-
grand evaluations to obtain the integral approximation. As
argued by Clarkson and Zhan (2002), since our purpose is to
obtain the maximum likelihood estimates, we do not need to
approximate the likelihood with very high accuracy. Similar
to Clarkson and Zhan (2002), we find that one application
of the simplex rule (as opposed to multiple applications with
rotations) is sufficient. We conduct the integration (11) on
a typical desk PC and find that it takes about 0.2 second
with sample size 1,000 and d = 60 (i.e, 10 knots for each non-
parametric function). We use the nlm function in R (which
uses a Newton-type algorithm) for optimization of (11) and
find that it takes about 6 minutes in the same setting. For
estimation or inference that only involves the smoothing pa-
rameters, optimizing (10) is computationally more efficient
than (11) since (10) is a function of much lower dimension-
ality, although the integration dimension is higher.

3.3 Determination of proportionality

Determination of proportionality with respect to Xi is
equivalent to testing H0 : αi = 0 vs H1 : αi �= 0, i =
2, 3. With Zi, determination of proportionality amounts to
testing H0 : dgi = 0, λgi = ∞ vs H1 : dgi �= 0 or λgi �=
∞, i = 1, 2, 3.

Motivated by studies on simple linear models (Wahba
1990) and generalized linear models (Liu et al. 2005) as well
as Guo (2002) and Crainiceanu et al. (2005), for both para-
metric and nonparametric covariate effects, we propose us-
ing the following likelihood ratio test statistic based on the
ML defined in (11):
(12)

TML =
supH0

L(Y |θ, λf1, λf2, λf3, λg1, λg2, λg3, σ
2)

supH0∪H1
L(Y |θ, λf1, λf2, λf3, λg1, λg2, λg3, σ2)

.

In our study, there are multiple covariates and multiple
scenarios of partial proportionality. To fully determine the
proportionality structure, we use a step-wise approach. De-
note A, AP , and AN as the index sets of all covariates, co-
variates with proportional effects, and covariates with non-
proportional effects, respectively. Denote |AP | as the cardi-
nality of AP .

1. Initialize AP = A;
2. For a ∈ AP , fit an intermediate model with covariates

in AP − {a} having proportional effects and covariates
in AN ∪ {a} having non-proportional effects. Compute
the p-value for proportionality using the bootstrap ap-
proach described below.

3. Repeat Step 2 over all a ∈ AP and compare the |AP | p-
values so obtained. Denote a∗ as index of the covariate
with the smallest p-value. If the smallest p-value is not
significant, abort loop. Otherwise, update AP = AP −
{a∗} and AN = AN ∪ {a∗}.

4. If |AP | = 0, abort loop. Otherwise, repeat Steps 2
and 3.

This approach starts with all covariate effects being pro-
portional. In Step 2, we determine the significance of propor-
tionality of each covariate effect. In Step 3, the proportional-
ity constraint on one covariate effect is released. Iteration is
terminated once AP cannot be further reduced. Motivated
by Liu et al. (2005), we propose the following bootstrap ap-
proach to compute the significance of proportionality.

1. Fit the null and full models;
2. Generate random errors from the normal distribution

with mean zero and variance σ̂2 estimated from the full
model;

3. Under the null, compute the probability of Y > 0 from
model (3) and generate the binary I(Y > 0). For those
with Y > 0, generate the continuous Y values. Here Y s
are equal to the sum of the null model evaluated at the
design points and the normal random errors;

4. With the generated responses, estimate the null and full
models again. Compute the statistic TML;

5. Repeat Steps 2 to 5 B (e.g. 500) times. An empirical
p-value can then be computed.

A byproduct of the above procedure is the bootstrap con-
fidence intervals for both the parametric and nonparametric
parameters, which can serve as the basis for inference.

The likelihood ratio test and the bootstrap procedure can
be computationally expensive. To calculate the likelihood
ratio test statistic, we need to fit the null and full models.
When fitting the full model, we suggest setting initial values
as the estimates based on the null model, which may speed
up the computation. The bootstrap procedure is highly par-
allel, which makes it computationally affordable.

3.4 Asymptotic properties

Although many intermediate models are needed in or-
der to determine the proportionality structure, we are
most interested in the final models, i.e., models with pro-
portionality properly determined. For those models, we
establish asymptotic properties of the PMLE. Sufficient
conditions are provided in Appendix. Denote the true
value of (α, β, τ, σ, f, g) as (αT , βT , τT , σT , fT , gT ). Define
d2((α, β, τ, σ, f, g), (αT , βT , τT , σT , fT , gT )) = (α − αT )

2 +
(β− βT )

2 + (τ − τT )
2 + (σ− σT )

2 +
∫
(f − fT )

2dPZ +
∫
(g−

gT )
2dPZ , with PZ denoting the distribution function of Z.

Lemma 1. Under assumptions A1-A4 provided in Ap-
pendix,

d((α̂, β̂, τ̂ , σ̂, f̂ , ĝ), (αT , βT , τT , σT , fT , gT ))

= Op(n
−s/(2s+1)); J(f̂), J(ĝ) = Op(1).

The estimates of nonparametric covariate effects are con-
sistent and have the optimal convergence rate. Lemma 1
also establishes that J(f̂), J(ĝ) = Op(1). That is, f̂ and ĝ
have the “right” order of smoothness. The L2 consistency,
together with the smoothness and compactness conditions
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described in Appendix, can lead to the uniform consistency
of f̂ and ĝ, i.e., sup |f̂−fT | = oP (1) and sup |ĝ−gT | = oP (1).
For the estimates of parametric parameters, we have the fol-
lowing results.

Lemma 2. With assumptions and Σ specified in Appendix,

√
n{(α̂, β̂, τ̂ , σ̂)− (αT , βT , τT , σT )} →D N(0,Σ).

Despite the slow convergence rate of f̂ and ĝ, the esti-
mates of parametric parameters are still

√
n consistent and

asymptotically normally distributed.

4. SIMULATION

In simulation, we generate data from

Pr(Y > 0|X,Z) = logit(η1),(13)

and for Y > 0, Y |X,Z = η2 + ε,

where η1 = −4+ 5X1 − 2.5X2 +1.5X3 +8 sin(6Z1) + 7Z2 −
20(Z2−0.5)2, τ = 0.2, and σ = 0.5. We assume that X1 = 0
or 1 with probability 0.5; X2 = 1, 2, 3, or 4 with probability
0.25; X3 ∼ N(0, 1); Z1 is equally spaced between 0 and 1;
and Z2 ∼ Unif [0, 1]. We set the sample size n = 1, 000. We
define the “difference function” as η2 − τη1. Determination
of proportionality then amounts to testing if components
of the difference function are equal to zero. As shown in
Table 1, ten difference functions are considered. For a clear
view, we omit the intercepts in Table 1, which are needed
to satisfy the identifiability assumption of Pfi = Pgi = 0.
In simulation, X1 is chosen as the anchor.

We first investigate the determination of proportional-
ity. In Table 1, we present the power of detecting non-
proportionality computed based on 1,000 replicates. We can
see that in general, the proposed approach can correctly
identify the proportionality structure. When proportional-
ity holds for a specific covariate, the power is usually close to
0.05, the nominal significance level. In contrast, when pro-
portionality does not hold, the proposed approach can iden-
tify the non-proportionality with a high probability. Con-
sider, for example, difference function 0.1X3 + Z2. With
probabilities 0.80 and 0.99, the non-proportionality with re-
spect to X3 and Z2 can be identified. The error rates of
mistakenly identifying non-proportionality with respect to
X2 and Z1 are 0.066 and 0.032, respectively. In addition,
when the regression coefficients in difference functions in-
crease, the power increases. Consider for example difference
functions 0.33X3 + 0.5Z2 and 0.33X3 + Z2. When the re-
gression coefficient of Z2 increases from 0.5 to 1, the power
increases from 0.40 to 0.95.

For the final models, we evaluate performance of the
penalized estimation and bootstrap inference. We show a
representative example of the estimation results in Fig-
ure 2, where data is generated with difference function

Table 1. Simulation study: power of testing
non-proportionality with various difference functions

Power
Difference function X2 X3 Z1 Z2

0 0.040 0.046 0.043 0.078
0.33X3 0.045 1 0.021 0.054
5Z1 + Z2

1 + 0.9Z2 0.051 0.064 0.635 0.806
0.8X2 + 5Z1 + 2Z2

1 + 0.8Z2 0.900 0.046 0.820 0.620
0.33X3 + 5Z1 + 10Z2

1 + Z2 0.076 0.980 1 0.920
0.33X3 + 0.5Z2 0.062 1 0.033 0.400
0.33X3 + Z2 0.079 1 0.048 0.950
0.3X2 + 0.33X3 0.220 1 0.042 0.051
0.5X2 + 0.33X3 0.560 1 0.035 0.050
0.05X3 + Z2 0.045 0.160 0.038 0.960
0.1X3 + Z2 0.066 0.800 0.032 0.990

0.33X3 + 5Z1 + 10Z2
1 + Z2. For the covariates with non-

parametric effects, the mean estimates fit the unknown true
functions well. The 95% confidence intervals provide satis-
factory coverage. As expected, the confidence intervals be-
come wider, when it is closer to the boundaries and there
are fewer observations. Note that, for identifiability, we have
assumed Pfi = Pgi = 0. We omit the intercepts in Ta-
ble 1. The intercepts have been added back in Figure 2.
We have examined estimation results for parametric param-
eters and found negligible biases, satisfactory convergence
rates, marginal distributions close to normal, and satisfac-
tory bootstrap coverage.

5. ANALYSIS OF MESA

The MESA is a population based, multi-center study of
subclinical cardiovascular diseases. The study cohort con-
sists of 6,814 subjects with age ranging from 45 to 84 at the
baseline. Subjects with missing measurements are removed,
leading to a sample size of 6,658 for downstream analysis.
The CAC has a mixture distribution, with about half of
the CAC scores equal to zero and the rest continuously dis-
tributed. We adopt the two-part model. In the first part, we
assume the logit link function. In the second part, we study
log(1 + CAC), which has a distribution close to normal.

Following McClelland et al. (2006), we consider the fol-
lowing predictors: gender (female is used as the reference
group), race (Caucasian, African-American, Chinese, and
Hispanic; Caucasian is used as the reference group), for-
mer smoker (binary indicator), current smoker (binary in-
dicator), diabetes (binary indicator), SBP (systolic blood
pressure), DBP (diastolic blood pressure), age, BMI (body
mass index), LDL cholesterol, and HDL cholesterol. Among
the 13 covariates, 7 are binary, which naturally correspond
to parametric covariate effects. In addition, our preliminary
analysis suggests linear effects for SBP and DBP. Thus, in
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Figure 2. Simulation with difference function 0.33X3 + 5Z1 + 10Z2
1 + Z2: estimation and inference results for nonparametric

covariate effects. Solid black line: true covariate effect; Red dashed line: mean estimates; Blue dash-dotted lines: mean 95%
confidence intervals.

the semiparametric models, there are 9 parametric covari-
ate effects and 4 nonparametric ones. Following Han and
Kronmal (2006), X3 is selected as the anchor.

We use the step-wise approach to determine proportion-
ality. In the first step, we find that the proportionality of
LDL effect has the smallest p-value (< 0.001). Thus we re-
lease the proportionality constraint on LDL. In the second
step, we find that the HDL effect has the smallest p-value
(0.012). We then fit a model with the proportionality con-
straints on LDL and HDL released. In the third step, for
covariates other than LDL and HDL, we find that releas-
ing the proportionality constraints leads to insignificant p-
values. We thus conclude that proportionality holds for all
covariates except LDL and HDL.

For the final model with proportionality constraints on all

covariates expect LDL and HDL, we present the estimates of
parametric regression coefficients in Table 2 and estimates
of nonparametric covariate effects in Figure 3. We find that
the following risk factors are significantly associated with
a higher level of CAC: being male, being Caucasian, being
a smoker (both former and current), having diabetes, and
having a higher level of SBP. Those findings are consistent
with the literature.

For Age and BMI, their nonparametric covariate effects
are proportional (Figure 3). It is interesting that their ef-
fects are almost linear, which suggests that it may be pos-
sible to further simplify the model by assuming paramet-
ric Age and BMI effects. The bootstrap confidence inter-
vals suggest that both the Age and BMI effects are signifi-
cant. Increases in Age and BMI are associated with a higher
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Table 2. Analysis of MESA. Parametric regression coefficients in the full model (with no proportionality constraint) and the
final model (with proportionality properly determined). Estimates (bootstrap standard errors) in the logistic (η1) and linear

(η2) models

Predictor Full model Final model
η1 η2 η1 η2

Gender: Male (X1) 0.945 (0.092) 0.618 (0.099) 0.960 (0.078) 0.651 (0.053)
Race: Chinese (X2) −0.119 (0.070) −0.285 (0.081) −0.211 (0.078) −0.143 (0.053)
Race: African-American (X3) −0.787 (0.071) −0.398 (0.085) −0.727 (0.063) −0.493 (0.047)
Race: Hispanic (X4) −0.628 (0.074) −0.358 (0.073) −0.594 (0.063) −0.402 (0.045)
Former smoker (X5) 0.370 (0.072) 0.213 (0.071) 0.354 (0.052) 0.240 (0.036)
Current smoker (X6) 0.609 (0.094) 0.328 (0.096) 0.573 (0.078) 0.388 (0.052)
Diabetes (X7) 0.243 (0.070) 0.275 (0.068) 0.299 (0.055) 0.203 (0.038)
SBP (X8) 0.009 (0.002) 0.004 (0.002) 0.008 (0.002) 0.005 (0.001)
DBP (X9) −0.0034 (0.004) 0.0032 (0.004) −0.0009 (0.004) −0.0006 (0.002)
τ 0.678 (0.037)
σ 1.677 (0.021) 1.680 (0.021)

level of CAC, which is consistent with findings in the litera-
ture. For LDL and HDL, the proportionality does not hold.
The shapes of covariate effects are significantly different in
the two parts of the model. For HDL, its covariate effects
have an “U” shape. In the literature, nonparametric mod-
eling of HDL has not been well investigated. This study
is among the first to find this interesting relationship be-
tween HDL and CAC. Implications of this finding need to
be pursued in future biomedical studies. For LDL, it is inter-
esting that the covariate effects are close to linear. Increase
in LDL is associated with a higher probability of nonzero
CAC, which is consistent with findings in the literature.
The bootstrap confidence intervals suggest the significance
of LDL effect. For nonzero CAC values, the LDL effect is
negligible.

To complement the above analysis, we also fit the full
model with no proportionality constraint. Estimation re-
sults are shown in Table 2 and Figure 4. Comparing the full
and final models, we find that estimates in the two models
are reasonably close. This is expected since estimates under
both models are asymptotically consistent. An important
finding is that in general, estimates in the final model have
smaller variances. In Table 2, all bootstrap standard errors
(except for that of X2 in η1) in the full model are larger
than or equal to their counterparts in the final model. The
improved efficiency is consistent with studies on parametric
models in Han and Kronmal (2006) and others.

6. CONCLUSION

In this article, we study the semiparametric two-part
modeling of the CAC in MESA. We use a penalized maxi-
mum likelihood approach for estimation and a step-wise hy-
pothesis testing approach for determination of proportion-
ality. Our numerical and theoretical studies show that the
proposed method can properly identify the proportionality
structure, and the estimation results are satisfactory.

We conduct detailed analysis of the CAC in MESA. By
adopting the flexible semiparametric two-part model, this
study can provide a deeper understanding of the develop-
ment of CAC. Specifically, this study is among the first
to find the interesting “U” shape for the effects of HDL
in both parts of the model and the different shapes of
the LDL effects. Assuming parametric models, Han and
Kronmal (2006) conclude that the effects of HDL, LDL,
diabetes, and race-Chinese are not proportional. In con-
trast, with the semiparametric model, we only conclude non-
proportionality for HDL and LDL. Our analysis disproves
the hypothesis that the change from a zero to a positive
Agaston score and the change from a lower to a higher Agas-
ton score share the same biological process. Instead, we find
that risk factors affect the CAC level via at least two dif-
ferent mechanisms, with the cholesterol having a different
mechanism from the other risk factors.

In our models, to be consistent with previous studies
such as Han and Kronmal (2006) and McClelland et al.
(2006), we assume additive covariate effects. We note that
it is possible to extend the proposed method, accommo-
date interactions, and conduct analysis with transformed
covariates (for example the ratio HDL/LDL). The proposed
model and method have no “built-in” robustness. We sus-
pect that the performance of the proposed method can be
unsatisfactory under model misspecification. The proposed
tuning parameter selection method has been motivated by
several published studies. Our numerical studies show that
the tuning parameters so selected have satisfactory perfor-
mance. In theoretical investigation, we provide the asymp-
totic rate for the tuning. However, as in many other studies,
it is not completely clear whether the tuning parameters se-
lected using the proposed approach match the asymptotics.
The proposed method demands an anchor covariate. The
anchor is needed in many other studies that have an iden-
tifiability constraint. In theory, as long as the correspond-
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Figure 3. Analysis of MESA. Estimated nonparametric covariate effects in the final model with proportionality properly
determined. Solid black line: estimate; Red dashed line: mean estimate from bootstrap samples; Blue dash-dotted lines: 95%

confidence intervals.

ing covariate effect is nonzero, it does not matter which co-
variate is selected as the anchor; In practice, we propose
selecting a covariate with a “strong” effect, which can be
parametric or nonparametric. We chose a parametric co-
variate effect partly to follow Han and Kronmal (2006) and
partly to simplify the computation. In assumption A1 (Ap-
pendix), we assume that the true value of τ is bounded
away from zero. In addition, we expect the anchor vari-
able to have a strong effect. In practical data analysis, if
the estimated τ×effect of anchor covariate is close to zero,
it should raise alarm: either there should be no constraint
or the choice of anchor is improper. Since it is not our fo-
cus, we refer to publications such as Ma and Huang (2007)
and references therein for more detailed discussions on an-
chor.
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APPENDIX

We provide proofs of lemmas 1 and 2. First, we make the
following assumptions.
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Figure 4. Analysis of MESA. Estimated nonparametric covariate effects in the full model with no proportionality constraint.
Solid black line: estimate; Red dashed line: mean estimate from bootstrap samples; Blue dash-dotted lines: 95% confidence

intervals.

(A1) X and Z are component-wise bounded.
(αT , βT , τT , σT ) is an interior point of a compact set.
τT is abounded away from 0;

(A2) Component-wise, fT and gT belong to the Sobolev
space indexed by the order of derivative s.

(A3) P (l(α, β, τ, σ, f, g)− l(αT , βT , τT , σT , fT , gT )) ≤
−K1d

2((α, β, τ, σ, f, g), (αT , βT , τT , σT , fT , gT )) with a
fixed constant K1 > 0.

(A4) λf , λg = Op(n
−s/(2s+1)).

For most practical data, the compactness assumption A1
can be satisfied. We make this assumption for theoretical
convenience and allow the actual bounds to remain un-
known. We assume smooth nonparametric covariate effects
in A2. Usually, s = 2. We assume that the maximizer of the

likelihood function is “well-separated” in A3. This assump-
tion can be satisfied under the compactness assumptions A1
and A2 and the differentiability of likelihood function.

Proof of Lemma 1

Definition (Bracketing number). Let (F, || · ||) be a subset
of a normed space of real function h on some set. Given two
functions h1 and h2, the bracket [h1, h2] is the set of all func-
tions h with h1 ≤ h ≤ h2. An ε bracket is a bracket [h1, h2]
with ||h1−h2|| ≤ ε. The bracketing number N[](ε,F, || · ||) is
the minimum number of ε brackets needed to cover F. The
entropy with bracketing is the logarithm of the bracketing
number.
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van de Geer (2002) proves that, for the functional class

H̃ =

{
h : [0, 1] → [0, 1],

∫
(h(s)(x))2dx < 1

}
,

logN[](ε, H̃, L2(P )) ≤ K2ε
−1/s, for fixed K2 and s and all

ε.
Under the boundedness assumptions A1 and A2 and the

differentiability of the log-likelihood function, we have

logN[](ε, l(α, β, τ, σ, f, g), L2(P )) ≤ K3ε
−1/s,(14)

for a fixed constant K3.
Examination of the log-likelihood suggests that if

α̂, β̂, τ̂ , σ̂ → ∞, then Pnl → −∞. Thus, we are able to focus
on the set of bounded α̂, β̂, τ̂ , σ̂, although the actual bound
remains unknown. As we optimize in the Sobolev space (in-

dexed by the order of derivative s), f̂ and ĝ are smoothing
splines. The proof follows Theorem 1.3.1 of Wahba (1990;
p. 11).

From the definition of PMLE, we have

Pnl(α̂, β̂, τ̂ , σ̂, f̂ , ĝ)− λ2
fJ

2(f̂)− λ2
gJ

2(ĝ)

≥ Pnl(αT , βT , τT , σT , fT , gT )− λ2
fJ

2(fT )− λ2
gJ

2(gT ).

From the properties of likelihood function, we have

Pl(α̂, β̂, τ̂ , σ̂, f̂ , ĝ) ≤ Pl(αT , βT , τT , σT , fT , gT ).

Combining the above two equations, we get

λ2
fJ

2(f̂) + λ2
gJ

2(ĝ) + P (l(αT , βT , τT , σT , fT , gT )

(15)

− l(α̂, β̂, τ̂ , σ̂, f̂ , ĝ)) ≤ λ2
fJ

2(fT ) + λ2
gJ

2(gT )

+ (Pn − P )(l(α̂, β̂, τ̂ , σ̂, f̂ , ĝ)− l(αT , βT , τT , σT , fT , gT )).

In addition, the entropy result in (14) implies that

(Pn − P )(l(αT , βT , τT , σT , fT , gT )− l(α̂, β̂, τ̂ , σ̂, f̂ , ĝ))(16)

= oP (n
−1/2)(1 + J(fT ) + J(gT ) + J(f̂) + J(ĝ)).

Combining equations (15) and (16) with assumption A4, we
have

λfJ(f̂) = oP (1) and λgJ(ĝ) = oP (1).(17)

Under assumption A3, equations (15) and (16) imply that

K1d
2((αT , βT , τT , σT , fT , gT ), (α̂, β̂, τ̂ , σ̂, f̂ , ĝ))

≤ oP (1) + oP (n
−1/2)(1 + J(fT ) + J(gT ) + J(f̂) + J(ĝ)).

This equation and equation (17) lead to the consistency of
PMLE. To prove the rate of convergence, we use the follow-
ing result.

van de Geer (2000) consider a uniformly bounded class of
functions Γ, with supγ∈Γ |γ− γ0|∞ < ∞ and a fixed γ0 ∈ Γ,

and logN[](ε,Γ, P ) ≤ K4ε
−b for all ε > 0, where b ∈ (0, 2)

and K4 is a fixed constant. Then for δn = n−1/(2+b),

sup
γ∈Γ

|(Pn − P )(γ − γ0)|
||γ − γ0||1−b/2

2 ∨√
nδ2n

= Op(n
−1/2),(18)

where x ∨ y = max(x, y).
Under the compactness assumptions A1 and A2 and con-

sidering the differentiability of log-likelihood function, we
have

K1d
2((α̂, β̂, τ̂ , σ̂, f̂ , ĝ), (αT , βT , τT , σT , fT , gT ))(19)

≤ P (l(αT , βT , τT , σT , fT , gT )− l(α̂, β̂, τ̂ , σ̂, f̂ , ĝ))

≤ K5d
2((α̂, β̂, τ̂ , σ̂, f̂ , ĝ), (αT , βT , τT , σT , fT , gT )),

whereK5 is a fixed constant. Combining equations (18) with
(19) and (15), we have

λ2
fJ

2(f̂) + λ2
gJ

2(ĝ)(20)

+K1d
2((α̂, β̂, τ̂ , σ̂, f̂ , ĝ), (αT , βT , τT , σT , fT , gT ))

≤ λ2
fJ

2(fT ) + λ2
gJ

2(gT ) +OP (n
−1/2)(1 + J(fT )

+ J(f̂) + J(gT ) + J(ĝ))

× {d1−1/2s((α̂, β̂, τ̂ , σ̂, f̂ , ĝ), (αT , βT , τT , σT , fT , gT ))

∨ n
1−2s

2(2s+1) }.

Note that all the three terms on the left-hand side are pos-
itive. Compare each term with the right-hand side. Simple
calculations give that

J(f̂) = OP (1) and J(ĝ) = OP (1),

d((α̂, β̂, τ̂ , σ̂, f̂ , ĝ), (αT , βT , τT , σT , fT , gT ))

= OP (n
−s/(2s+1)).

Proof of Lemma 2

To prove the
√
n consistency and asymptotic normality,

we apply Theorem 1 in Ma and Kosorok (2005). Application
of this theorem requires the following conditions to hold: (a)
consistency and rate of convergence, which has been estab-
lished in Lemma 1; (b) finite asymptotic variance, which
is shown below; (c) stochastic equicontinuity, which can be
established using the entropy result and the consistency re-
sult; and (d) smoothness of the model, which holds with the
differentiability of likelihood function.

Thus, to prove Lemma 2, we only need to estab-
lish the non-singularity of the information matrix. Denote
l̇α, l̇β , l̇τ , l̇σ as the partial derivatives of the log-likelihood
function with respect to α, β, τ, σ, respectively. For tf , tg ∼
0, consider ft = f + tfξf and gt = g + tgξg, such that
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ft, gt still satisfy assumption A2. Denote the space gen-
erated by ξf ⊗ ξg as B. The score operators for f and g

are l̇f [ξf ] = limtf→0
l(α,β,τ,σ,ft,g)−l(α,β,τ,σ,f,g)

tf
and l̇g[ξg] =

limtg→0
l(α,β,τ,σ,f,gt)−l(α,β,τ,σ,f,g)

tg
. Denote l̇1 = (l̇α, l̇β , l̇τ , l̇σ)

′

as the score function for the parametric parameters and
l̇f,g[ξf , ξg] = (l̇f [ξf ], l̇g[ξg]) as the score operator for the non-
parametric parameters.

Project l̇1 onto the space generated by l̇f,g[ξf , ξg] =

(l̇f [ξf ], l̇g[ξg]). The efficient score for (α, β, τ) is U = l̇1 −
l̇f,g[

P (l̇1)l̇f,g|Z
P (l̇⊗f,g|Z)

]. We further assume

(A5) P (U ′U) is component-wise bounded and positive def-
inite.

Then Σ = P−1(U ′U) is the asymptotic variance matrix.
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