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Feature screening for ultrahigh dimensional binary
data

Guoyu Guan, Na Shan, and Jianhua Guo
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With the rapid development of information technology,
ultrahigh dimensional binary data have increased dramat-
ically, for which feature screening has become a necessary
step in real data analysis. In this article, we propose a L0-
regularization feature screening procedure for naive Bayes
classifier, which is equivalent to the classical mutual infor-
mation screening method. However, the turning parameter
in L0-regularization is hard to be selected and lack of theo-
retical support. To this end, a BIC-type criterion is applied
to identify important features. Moreover, the asymptotic
properties of the proposed method is theoretically investi-
gated under some mild assumptions. Lastly, its outstanding
performance is numerically confirmed on simulated data,
and a real example of Chinese document classification is
presented for illustration purpose.
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ondary 62H30.
Keywords and phrases: Feature screening, L0-regular-
ization, Naive Bayes, Screening consistency.

1. INTRODUCTION

With the rapid development of information technology,
ultrahigh dimensional data have attracted considerable at-
tentions in the literature. For example, in text documents,
the total number of keywords (i.e., the feature dimension p)
is ultrahigh, which grows much faster than the sample size
n. As noted by [4] and [5], a large number of features (or
variables) may be irrelevant for some specific research pur-
pose. To this end, feature (or variable) selection becomes
an important but challenging task, which appeared early
in the area of machine learning. The most popular used fea-
ture selection criteria include but not limited to information
gain, mutual information, chi-square test and many others
[20, 13]. However, these methods are lack of theoretical sup-
port, i.e., how many features should be selected is not clear
in real applications.

For the last decade, feature selection and feature screen-
ing for ultrahigh dimensional data have been discussed ex-
tensively in the statistical literature. Fan and Lv [3] pro-
posed an independent screening framework by ranking the
marginal correlations, which is a seminal work on ultrahigh
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dimensional feature screening. [17] proposed a forward re-
gression method for feature screening in ultrahigh dimen-
sional linear models. [22] proposed a feature screening pro-
cedure under a model-free framework, which covers a variety
of commonly used parametric and semiparametric models.
The aforementioned methods are all developed for dealing
with ultrahigh dimensional continuous predictors. [8] pro-
posed a Pearson chi-square based sure independence feature
screening procedure for categorical response with ultrahigh
dimensional categorical predictors. In this article, we pro-
pose a feature screening procedure especially for ultrahigh
dimensional binary data, which is motivated by an empirical
study of Chinese document classification.

In real study, we consider the classification of Chinese
text documents. The documents were generated by the
Mayor Public Hotline (MPH) of Changchun, the capital city
of Jilin Province in Northeast China. The goal is to auto-
matically classify the MPH telephone records (i.e., Chinese
text documents) according to their corresponding functional
departments in the local government. To be specific, a bag
of frequently used Chinese words are collected. Note that,
the documents are very short which causes the vast major-
ity of words appear at most once per document. Hence each
document is converted into a binary vector, which records
whether these words appear in the document or not. Be-
cause the total number of words (i.e., p) collected is huge,
the feature dimension p is ultrahigh. To this end, many ex-
isting classification methods can be applied, such as sup-
port vector machine, classification and regression trees, k-
nearest neighbor, random forest, naive Bayes and many oth-
ers [1, 19, 7, 21]. Nevertheless, experienced experts tell us
that only a small number of words are relevant for classifica-
tion and a large amount of them are irrelevant, which results
that the classification accuracy is not optimal. Hence feature
selection on this dataset is necessary. Among all aforemen-
tioned classification methods, we find that naive Bayes (NB)
[9, 6, 11] is particularly attractive and always performs well
in document classification, due to its simplicity and effective-
ness. Furthermore, NB is fairly sensitive to feature selection,
having its performance peak at a much lower number of fea-
tures selected [4]. Meanwhile, among all existing feature (or
variable) selection methods, L0-regularization is shown to
have the oracle property under exponentially large p = eo(n)

[15, 12], which implies that it can handle ultrahigh dimen-
sional data. But it is computationally infeasible to optimize
such a discontinuous objective function (i.e., L0-regularized
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likelihood). Motivated by these facts, we construct a feasible
L0-regularization feature selection framework based on a NB
model, which is equivalent to the feature screening method
by ranking mutual information. Then the resulting model
can be only selected from finite nested candidate models,
which avoids solving the discontinuous objective function.
However, the turning parameter in L0-regularization is hard
to be selected in practice and lack of theoretical support.
To this end, a BIC-type criterion is applied to identify im-
portant features, which is a natural extend of the classical
Bayesian information criterion [14]. Moreover, the screening
consistency of the BIC-type criterion is investigated under
some mild assumptions. Although this method is especially
proposed for classification of ultrahigh dimensional binary
data, the idea can be naturally applied to other categorical
or continuous cases.

The rest of this article is organized as follows. In Section
2, we introduce the double truncated estimators and the
L0-regularization method for feature selection. Then, a BIC-
type criterion is applied to select important features. In Sec-
tion 3, the outstanding performance of the proposed method
is numerically confirmed on both simulated and empirical
datasets. Lastly, some concluding remarks are given in Sec-
tion 4. All the theoretical proofs are left to the Appendices.

2. METHODOLOGY

2.1 Model and notations

Let (X,Y) = (Xi, Yi)1≤i≤n be a vector of n independent
and identically distributed observations collected from the
real world. For the i-th subject, Xi = (Xi1, · · · , Xip)

� ∈
{0, 1}p is the associated p-dimensional binary feature, and
Yi ∈ {1, · · · ,K} is the corresponding class label. Note that
the feature dimension p is assumed to be ultrahigh and may
greatly exceed the sample size n. We simply assume that the
features are conditionally independent given the class label.
Thus, a so-called naive Bayes (NB) model assumes that

(1) P (Xi = x|Yi = k) =

p∏
j=1

θ
xj

kj (1− θkj)
1−xj ,

where θkj = P (Xij = 1|Yi = k), and x = (x1, · · · , xp)
� ∈

{0, 1}p stands for one particular realization of Xi. Moreover,
we define P (Yi = k) = πk.

To estimate the parameters, the maximum likelihood es-
timators (MLE) can be adopted, i.e., π̂ML

k = n−1
∑

i Zik

and θ̂ML
kj = {

∑
i Zik}−1

∑
i XijZik, where Zik = 1(Yi = k).

Note that 1(·) represents the indicator function. The trouble
of the MLE is that it may overfit the data, which means it
can reach 1 or 0 with some positive probability. In prac-
tical applications, Laplacian smoothing [10] is commonly
used to enforce the estimates bounded away from 0 and
1. But we only care about the classification of short Chi-
nese documents in which the majority of word frequencies
are fairly small. Thus, the Laplacian smoothing may lead

to large bias of estimators, which are not our main con-
cern in this article. To this end, we define the double trun-
cated estimators (DTE) as follows. Without loss of general-
ity, assume

∑
i ZiK = maxk{

∑
i Zik}. For 1 ≤ k ≤ K − 1,

define π̂k = max{n−1,min{1 − n−1, n−1
∑

i Zik}}. Then it

becomes apparent that π̂K = 1 −
∑K−1

k=1 π̂k lies between

n−1 and 1−n−1. Next, define θ̂kj = π̂−1
k max{n−1,min{1−

n−1, n−1
∑

i ZikXij}}, for every k and j. Note that, this
trick can enforce the estimators bounded away from 0 and 1.

In classification problems, one main goal is to compute
the posterior probability, which can be estimated as

P̂ (Yi = k|Xi = x) =

{
π̂k

p∏
j=1

θ̂
xj

kj (1− θ̂kj)
1−xj

}

×
{ K∑

k′=1

π̂k′

p∏
j=1

θ̂
xj

k′j(1− θ̂k′j)
1−xj

}−1

.

Subsequently, the unknown class label of a new obser-
vation with Xnew = x can be predicted as Ŷnew =
argmaxkP̂ (Ynew = k|Xnew = x).

2.2 Feature selection by L0-regularization

In the above prediction rule, those features irrelevant to
(or independent of) the class label should be filtered out.
Thus, the task of feature selection becomes indispensable.
Intuitively, if the j-th feature is irrelevant to the class la-
bel, its response probabilities across all classes should be the
same. As a consequence, we should have θkj = θj for every k,
where θj = P (Xij = 1) =

∑
k πkθkj (the corresponding es-

timator is θ̂j =
∑

k π̂kθ̂kj). In contrast, if the j-th feature is
relevant to the class label, the response probabilities should
be different for at least two classes. Then we define the true
model as MT = {1 ≤ j ≤ p :

∑
k |θkj − θj | > 0} with size

|MT | = d0. Define MF = {1, · · · , p} to be the full model.
We further define a generic notation M = {j1, · · · , jd} to be
an arbitrary model with Xij1 , · · · , Xijd as relevant features.

As we know, if the maximum likelihood estimation is
applied, the result of feature selection will be overfit, i.e.,
M̂ = MF , which is not our purpose. A natural way, L0-
penalty should be used to the model size |M|. To derive the
L0-penalized log-likelihood, we introduce the feature indica-
tor δ = (δ1, · · · , δp)� ∈ {0, 1}p, where δj = 1(j ∈ M). More
specifically, δj = 1 means that the j-th feature is relevant,
and δj = 0 otherwise. Next, we can treat δ as unknown
parameters, and select relevant features by maximizing the
following L0-penalized log-likelihood,

Lp = Lt(M)− nλ|M|

= n

[
K∑

k=1

π̂k log π̂k +

p∑
j=1

{θ̂j log θ̂j + (1− θ̂j) log(1− θ̂j)}

+

p∑
j=1

δj(Îj − λ)

]
,
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where Lt(M) is the truncated log-likelihood, λ ≥ 0 is a
regularization constant and

Îj =

K∑
k=1

π̂k

[
θ̂kj log

θ̂kj

θ̂j
+ (1− θ̂kj) log

1− θ̂kj

1− θ̂j

]
.

Detailed derivations of Lt(M) and Lp are left to

Appendix A. Then δ can be estimated by δ̂ =
argmaxδ∈{0,1}p

∑
j δj(Îj − λ). Thus, we can easily get δ̂j =

1(Îj > λ). This suggests that the true model MT can be

estimated by M̂λ = {1 ≤ j ≤ p : Îj > λ}, for some appro-

priately regularization constant λ. Here Îj is an estimator
of mutual information

Ij =

K∑
k=1

1∑
xj=0

P (Xij = xj , Yi = k) log
P (Xij = xj , Yi = k)

P (Xij = xj)P (Yi = k)

=
K∑

k=1

πk

[
θkj log

θkj
θj

+ (1− θkj) log
1− θkj
1− θj

]
.

As is known to all, the mutual information Ij ≥ 0 and Îj ≥ 0
by Jensen’s inequality. Ij = 0 if and only if feature Xij and
class label Yi are mutually independent. Accordingly, we in-
tend to select those features far away from independency.
Intuitively, those features with larger Îj values are more
likely to be relevant for classification. In contrast, those with
smaller Îj values are less likely.

To gain some theoretical insight, some basic technical as-
sumptions should be clear first. Basic Setting: The class
number K is fixed, and the feature dimension p is ultra-
high but subjects to log p = o(n). Boundedness Assump-
tion: There exists some positive constant ν < 1/3, such
that πk ≥ ν and ν ≤ θkj ≤ 1 − ν for all k and j, and
maxk{|θkj − θj |} ≥ ν for any j ∈ MT . Under this assump-
tion, all parameters are bounded away from 0 and 1, and all
relevant features are apart from the irrelevant ones. By the
next theorem, we know that M̂λ is consistent toMT , as long
as the regularization constant λ is appropriately selected.

Theorem 1. Under the basic setting and boundedness as-
sumption, we have maxj |Îj − Ij | = OP (

√
log p/n). Addi-

tionally, there exists some λmax > 0, such that for any
0 < λ < λmax, P (M̂λ = MT ) → 1, as n → ∞.

2.3 Feature screening by a BIC-type
criterion

Theorem 1 shows that, M̂λ is a consistent estimator of
MT , provided by the regularization constant λ is appropri-
ately selected. Although there exist infinitely many different
choices for λ on [0,∞), the resulting model M̂λ can be only
selected from finite nested candidate models. Without loss
of generality, assume that the features’ indices have been
appropriately re-labeled such that Î1 > Î2 > · · · > Îp. Thus,
the solution path can be given by M = {M(d) : 0 ≤ d ≤ p}
with M(0) = ∅ and M(d) = {1, · · · , d} for 1 ≤ d ≤ p,

which is a finite set with a total of p + 1 nested candi-
date models. The conclusion of Theorem 1 also implies that
P (MT ∈ M) → 1, as n → ∞. Subsequently, the original
problem of determination for regularization constant λ is
converted into a model selection problem with respect to
the solution path M. However, the true model size is un-
known and λ is hard to be selected practically. Then we
follow [18] and consider the following BIC-type criterion

(2) BICM = − 2

n
Lt(M) + df(M)× log(n)

n
,

where df(M) = (K − 1)+K|M|+ (p− |M|) is the number
of free parameters estimated in the truncated log-likelihood
Lt(M). Thus, the best model is selected as M̂ = M(d̂),

where d̂ = argmin1≤d≤pBICM(d)
. It can filter out the fea-

tures that have weak dependency with the class label. Then
the following theorem states the screening consistency of
this BIC-type criterion.

Theorem 2. Under the basic setting and boundedness as-
sumption, we have P (MT ⊂ M̂) → 1 as n → ∞.

In conclusion, the proposed feature screening method could
be called as L0-regularized naive Bayes (L0NB) method.
After the feature screening step, the prediction rule of NB
model can be simplified as Ŷnew = argmaxkP̂ (Ynew =

k|Xnew(M̂) = x(M̂)), where Xnew(M̂) and x(M̂) are the
subvectors of Xnew and x corresponding to the estimated
model M̂. The performance of numerical studies in the next
section suggests that L0NB works quite well both on simu-
lated and real data.

3. NUMERICAL STUDIES

3.1 Competitive methods

To evaluate the performance of the proposed feature
screening method, we consider two alternative methods as
competitors, i.e., (1) the Pearson chi-square based sure in-
dependence feature screening (PC-SIS) proposed by [8], and
(2) the L1-penalized naive Bayes (L1NB) method, which
is motivated by the lasso [16] method of linear regression
model. Note that, the penalized method relative to naive
Bayes has not been well defined before. The L1-penalized
log-likelihood function for NB can be represented as

(3)

L1 =

n∑
i=1

p∑
j=1

K∑
k=1

Zik{Xij log θkj + (1−Xij) log(1− θkj)}

+

n∑
i=1

K∑
k=1

Zik log πk − λ1

p∑
j=1

K∑
k=1

∣∣∣θkj − n−1
n∑

i=1

Xij

∣∣∣.
Thus, the L1-penalty can make some θkj shrinking to the
common mean of j-th feature. By maximizing (3), we get the
corresponding parameter estimators. After some mathemat-
ical derivations, the true model can be estimated by M̂λ1 =
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{1 ≤ j ≤ p : Hj > λ1}, after giving a regularization parame-

ter λ1, where Hj = max1≤k≤K{nπ̂kθ̂
−1
j (1− θ̂j)

−1|θ̂kj − θ̂j |}.
Note that, π̂k, θ̂kj and θ̂j =

∑
k π̂kθ̂kj are the DTEs which

have been defined in section 2.1. Subsequently, the regular-
ization parameter λ1 can be selected by BIC-type criterion
(2) or cross-validation. Detailed derivations of L1NB are left
to Appendix B.

To evaluate the classification accuracy of the proposed
method, we also consider five alternative classification algo-
rithms as competitors. They are k-nearest neighbor (KNN),
adaptive boosting (AdaB), random forest (RF), support vec-
tor machine (SVM) and NB. The detailed settings of these
algorithms should be declared first. (1) For KNN method,
the Hamming distance is used as the distance metric, be-
cause it behaves quite well on binary features. The smooth-
ing parameter k is selected by handout cross-validation from
1 to 10. (2) For AdaB method, tree classifiers are used as
base learners, because they could be usually viewed as weak
learners and especially suitable for categorical predictors.
More specifically, there are a total of 200 trees used for simu-
lated data and 500 trees used for real high dimensional data.
(3) There are a total of 200 tree classifiers used in RF, and
nf = min{	√p�, 30} features are randomly selected for each
tree, where 	p� is the maximum integer not grater than p.
These trees are built using a greedy, top-down recursive par-
titioning strategy, and the minimum number of observations
in per tree leaf is restricted to 1. Hence the depth of each
tree is not grater than nf attributing to binary features. (4)
The linear kernel is used in SVM. Because a binary feature
will still be a binary feature after any nonlinear transfor-
mation. (5) NB is the traditional naive Bayes classifier as
described in section 2.1.

3.2 Simulation studies

To evaluate the finite sample performance of the newly
proposed method, our simulation studies consider naive
Bayes models with different sample sizes (i.e., n =500,
1,000, 2,000), feature dimensions (i.e., p =500, 1,000), and
true model sizes (i.e., d0 =20, 30, 50). For each fixed
parameter setting, a total of 500 simulation replications
are conducted. For each simulated dataset, the three fea-
ture screening methods are adopted, i.e., PC-SIS, L1NB
(with BIC-type criterion for model selection) and L0NB.
Subsequently, the percentage of incorrect zeros [2], that is

PIZ = 100% × {|(MF \M̂) ∩ MT |}|MT |−1 of three meth-
ods, are computed and averaged. The same is also done
to the percentage of correct zeros, that is PCZ = 100% ×
{|(MF \M̂)∩ (MF \MT )|}{|(MF \MT )|}−1. Average PCZ
and PIZ values of three feature screening methods, and the
corresponding standard errors (SE) over 500 replications are
reported in percentage. Lastly, in order to evaluate the per-
formance of classification, another 1,000 independent testing
samples are generated. Then, the classification accuracies of
NB on three estimated models (separately selected by PC-
SIS, L1NB and L0NB) are evaluated on the testing sample.

The corresponding average mis-classification rates (AMR)
and their SE values over 500 replications are computed and
reported in percentage. For comparison’s sake, the AMR
and SE values of KNN, AdaB, RF, SVM and NB but based
on the true model MT are also included.

We consider here a standard NB model with irrelevant
features. As a result, the standard NB method on the
true model is expected to perform best. In contrast, due
to the unnecessary noise introduced by the irrelevant fea-
tures, the M̂-based NB method should perform worse. We
then use this example to numerically investigate the feature
screening ability and the classification accuracy of the pro-
posed method. More specifically, we generate the class label
Yi ∈ {1, · · · ,K} with probability P (Yi = k) = 1/K and
K = 3. Next, given Yi, the j-th binary feature Xij is gener-
ated from a Bernoulli distribution with probability P (Xij =
1|Yi = k) = θkj for j ∈ MT , and P (Xij = 1|Yi = k) = θj for
j /∈ MT , where MT = {1, · · · , d0} is the true model with
size d0. In addition to that, {θkj}1≤k≤m,j∈MT

and {θj}j /∈MT

are simulated from a uniform distribution on [0.1, 0.9].
The detailed simulation results are given in Tables 1 and

2. From Table 1, we find that L0NB performs the best, L1NB
performs a little worse than L0NB, and PC-SIS performs the
worst, in term of PCZ. Then PC-SIS performs better than
L1NB and L0NB in term of PIZ, but PIZ of PC-SIS cannot
tend to 0% as n gets larger. Both PCZ and PIZ values of PC-
SIS are smaller than other methods, which shows that PC-
SIS is a relatively conservative feature screening method.
Moreover, the SE values of PCZ and PIZ for PC-SIS are
much larger than that of L1NB and L0NB, which implies
that PC-SIS is less robust than L1NB and L0NB. We also
find that the PCZ values of L1NB and L0NB approach 100%
and the PIZ values of L1NB and L0NB approach 0% quickly
as n gets larger. This confirms that the proposed BIC-type
criterion is indeed consistent for feature selection. From Ta-
ble 2, we find that the MT -based NB method performs the
best in term of AMR. This is as expected because the true
model is indeed NB. In the meanwhile, the performance of
NB based on M̂ selected by L0NB is extremely compara-
ble, and NB based on M̂ selected by L1NB also works quite
well. This suggests that even if the true model is NB, the
efficiency loss suffered by irrelevant features is very limited.
Furthermore, the SE values of NB based on M̂ selected by
PC-SIS are lager than that of L1NB and L0NB, which also
implies that PC-SIS is less robust than L1NB and L0NB. We
also find that from both MT -based and M̂-based results,
larger sample size n leads to smaller AMR and SE values,
if both p and d0 are fixed. This is expected because larger
sample size leads to more accurate estimation. In the mean-
while, for a fixed p and n, we find that larger true model size
d0 leads to smaller AMR, because the more relevant features
involved the better we can predict. Lastly, with a fixed d0
and n, we find that larger feature dimension p leads to worse
performance in terms of AMR. This is also reasonable, be-
cause larger feature dimension leads to more challenge for
feature selection and then worse prediction.
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Table 1. Simulation results for evaluating the performance of three feature screening methods (i.e., PC-SIS, L1NB, L0NB).
The average PCZ and PIZ values and their standard errors (SE) are reported in percentage over 500 replications

PCZ×102(SE×102) PIZ×102(SE×102)
p d0 n PC-SIS L1NB L0NB PC-SIS L1NB L0NB

500 20 500 27.3(44.3) 99.7(0.3) 99.8(0.2) 3.5(6.2) 9.5(3.1) 8.3(2.8)
1000 47.6(49.8) 99.9(0.1) 99.9(0.2) 4.4(5.1) 6.7(2.5) 5.8(2.4)
2000 62.1(48.4) 100.0(0.1) 100.0(0.1) 4.5(4.0) 4.9(1.2) 4.4(1.7)

30 500 10.0(29.4) 99.6(0.4) 99.8(0.2) 2.0(7.1) 12.1(3.8) 9.8(3.3)
1000 25.3(43.2) 99.9(0.2) 99.9(0.2) 2.5(4.9) 7.1(2.6) 5.9(2.5)
2000 39.2(48.7) 100.0(0.1) 100.0(0.1) 2.6(3.9) 4.0(1.6) 3.3(1.7)

50 500 4.9(20.4) 99.4(0.5) 99.8(0.2) 0.8(4.1) 15.0(3.3) 12.4(2.4)
1000 17.0(37.1) 99.7(0.3) 99.9(0.1) 1.9(4.7) 9.3(2.3) 8.4(1.9)
2000 25.1(43.0) 99.9(0.1) 100.0(0.1) 2.5(4.5) 6.0(1.9) 5.2(1.9)

1000 20 500 24.7(43.0) 99.7(0.2) 99.8(0.2) 3.6(7.6) 9.9(3.3) 8.1(2.8)
1000 47.5(49.9) 99.9(0.1) 99.9(0.1) 4.6(5.3) 7.1(2.5) 5.7(2.4)
2000 57.5(49.4) 100.0(0.1) 100.0(0.1) 4.3(4.2) 5.1(1.0) 4.5(1.7)

30 500 9.6(29.1) 99.7(0.3) 99.8(0.1) 2.4(9.8) 13.3(3.7) 10.0(3.1)
1000 22.5(41.7) 99.9(0.1) 99.9(0.1) 2.5(5.7) 7.6(2.7) 5.8(2.4)
2000 36.9(48.2) 100.0(0.1) 100.0(0.1) 2.6(3.9) 4.4(1.7) 3.5(1.6)

50 500 3.8(18.6) 99.5(0.3) 99.8(0.2) 1.0(6.3) 16.5(3.5) 12.4(2.5)
1000 12.0(32.2) 99.8(0.2) 99.9(0.1) 1.4(4.0) 10.1(2.4) 8.5(2.0)
2000 22.4(41.5) 99.9(0.1) 100.0(0.1) 2.2(4.3) 6.4(1.9) 5.2(1.8)

Table 2. Simulation results for evaluating the classification accuracy. The AMR values of NB based on M̂ (separately
estimated by PC-SIS, L1NB, L0NB) and their SE values are reported in percentage over 500 replications. For comparison’s
sake, the AMR and SE values of KNN, AdaB, RF, SVM and NB but based on the true model MT are also are reported in

percentage over 500 replications

MT -based results for five competitors M̂-based results for NB
AMR×102(SE×102) AMR×102(SE×102)

p d0 n KNN AdaB RF SVM NB PC-SIS L1NB L0NB

500 20 500 11.3(2.2) 10.5(1.4) 8.9(1.0) 10.2(1.3) 6.7(0.8) 10.7(2.6) 6.9(0.8) 6.9(0.8)
1000 10.7(2.0) 9.9(1.2) 8.4(0.9) 9.7(1.2) 6.6(0.8) 8.0(1.6) 6.6(0.8) 6.6(0.7)
2000 10.2(1.9) 9.5(1.1) 8.0(0.9) 9.5(1.2) 6.4(0.8) 7.0(1.0) 6.5(0.8) 6.5(0.8)

30 500 8.0(2.0) 7.7(1.2) 5.8(0.8) 6.7(0.9) 3.7(0.6) 6.6(1.1) 3.9(0.6) 3.8(0.6)
1000 7.3(1.8) 7.1(1.0) 5.4(0.8) 6.2(0.9) 3.6(0.6) 4.8(0.9) 3.7(0.6) 3.7(0.6)
2000 6.8(1.6) 6.8(0.9) 5.2(0.7) 6.0(0.8) 3.6(0.6) 4.1(0.7) 3.6(0.6) 3.6(0.6)

50 500 2.7(1.1) 3.2(0.7) 1.9(0.4) 2.4(0.6) 0.8(0.3) 1.5(0.4) 0.9(0.3) 0.8(0.3)
1000 2.3(1.0) 2.7(0.6) 1.7(0.4) 2.0(0.5) 0.8(0.3) 1.0(0.3) 0.8(0.3) 0.8(0.3)
2000 2.1(0.9) 2.5(0.5) 1.7(0.4) 1.8(0.5) 0.7(0.3) 0.8(0.3) 0.7(0.3) 0.7(0.3)

1000 20 500 11.4(2.2) 10.5(1.4) 8.9(1.0) 10.2(1.3) 6.8(0.8) 14.4(4.4) 7.0(0.8) 7.0(0.8)
1000 10.6(1.9) 9.8(1.1) 8.4(0.9) 9.8(1.2) 6.5(0.8) 9.4(2.8) 6.6(0.8) 6.6(0.8)
2000 10.3(1.9) 9.7(1.0) 8.2(0.9) 9.7(1.2) 6.5(0.8) 7.7(1.6) 6.5(0.8) 6.5(0.8)

30 500 7.9(2.0) 7.7(1.2) 5.8(0.8) 6.6(0.9) 3.7(0.6) 9.8(4.0) 4.0(0.7) 3.9(0.7)
1000 7.2(1.8) 7.1(1.0) 5.3(0.8) 6.2(0.8) 3.6(0.6) 6.1(1.5) 3.7(0.6) 3.7(0.6)
2000 6.9(1.6) 6.8(0.9) 5.1(0.7) 5.9(0.8) 3.6(0.6) 4.6(0.9) 3.6(0.6) 3.6(0.6)

50 500 2.7(1.1) 3.2(0.7) 2.0(0.5) 2.4(0.6) 0.8(0.3) 2.5(2.9) 0.9(0.3) 0.9(0.3)
1000 2.4(1.0) 2.8(0.6) 1.8(0.4) 2.0(0.5) 0.8(0.3) 1.4(0.4) 0.8(0.3) 0.8(0.3)
2000 2.1(0.9) 2.5(0.5) 1.7(0.4) 1.9(0.5) 0.7(0.3) 1.0(0.3) 0.7(0.3) 0.7(0.3)
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3.3 A real example

To demonstrate the practical usefulness of the newly pro-
posed feature screening method, we consider here an exam-
ple of Chinese document classification, i.e., MPH dataset,
which has been introduced in the Introduction. More specif-
ically, the dataset used here consists n = 13,613 documents
from K = 8 different functional departments with p = 4,788
words (or binary features). It is noted that stop words and
low-frequency (frequency less than 5) words have been fil-
tered out. Nevertheless, experienced experts tell us only a
small number of words are relevant for classification, a large
amount of them are irrelevant. Hence, the proposed feature
screening method is applied on this dataset for selecting im-
portant words and getting higher classification accuracy. To
get a reliable conclusion, a total of 100 replications are con-
ducted here. For each replication, half of these documents
(i.e., n = 6,806) are randomly selected for training while the
rest are used for testing. We apply three feature screening
methods, i.e., PI-SIS, L1NB and L0NB, to the training set
separately, then the corresponding models are estimated.
The average model size (AMS) of these three estimated
models over 100 replications, and the corresponding SE val-
ues of them are reported in Table 3. It is noted that, the
AMS value is equal to 4.36 of L1NB method with BIC-type
criterion for model selection. According to our experience,
so few feature words cannot classify the documents to their
correct classes for this multi-class classification. Hence, 5-
fold cross-validation is adopted for model selection in L1NB,
instead of BIC-type criterion in Table 3. For comparison’s
sake, all competitors (i.e., KNN, AdaB, RF, SVM and NB)
are considered on full model and three estimated models.
The AMR and their SE values of all cases over 100 replica-
tions are also reported in percentage. From Table 3, we find
that all classification methods except NB, perform the best
on the model selected by L0NB in term of AMR (and SE).
Although NB preforms a little worse on L0NB, it is also
practically useful in real applications, because only about
289/4,778 ≈ 6% of features used for classification. This fur-
ther verifies that the excellent performance of L0NB feature
screening method in real applications. We also find that,
KNN and SVM perform relatively worse on full model and
the models selected by PC-SIS and L1NB, but they preform
well on the model selected by L0NB. It indicates that KNN
and SVM are fairly sensitive to feature selection. Further-
more, AdaB performs the worst on all models, because only
500 base learners have been used in such high dimensional
data. Therefore, in order to improve the classification accu-
racy of AdaB, more base learners should be used, but it will
lead to higher computational cost.

4. CONCLUDING REMARKS

We propose here a L0-regularization feature selection
method based on NB model. But the turning parameter is
hard to select in real applications, then a BIC-type screen-
ing criterion is proposed to select important features. The

screening consistency is investigated under some mild as-
sumptions, which provides theoretical support of mutual in-
formation screening method under the naive Bayes assump-
tion. Although the L0NB method is especially proposed for
classification of ultrahigh dimensional binary data, the idea
can be naturally applied to other categorical or continu-
ous cases. To conclude this article, we discuss two interest-
ing topics for future research. Firstly, interaction screening
is a direct future direction that some features are usually
used together for improving the prediction accuracy. Sec-
ondly, if the conditional independence (1) does not hold,
i.e., more complex structures (e.g., tree-structure and clique-
structure) can also be learned from the high dimensional bi-
nary data. Feature screening for these cases are need to be
theoretically investigated in further studies.

APPENDIX A. DERIVATION OF
L0-REGULARIZATION

Because we assume that the model M contains all po-
tential relevant features, the conditional probability mass
function can be represented as

P (Xi|Yi,M) =

p∏
j=1

K∏
k=1

[{
θ
Xij

kj (1− θkj)
1−Xij

}δj

×
{
θ
Xij

j (1− θj)
1−Xij

}1−δj
]Zik

.

Thus, the log-likelihood L(M) = log
n∏

i=1

P (Xi, Yi|M) is

equal to

n∑
i=1

logP (Yi) +

n∑
i=1

logP (Xi|Yi,M)

=

n∑
i=1

p∑
j=1

K∑
k=1

Zik

[
δj

{
Xij log θkj + (1−Xij) log(1− θkj)

}
+ (1− δj)

{
Xij log θj + (1−Xij) log(1− θj)

}]
+

n∑
i=1

K∑
k=1

Zik log πk

= n

K∑
k=1

π̂ML
k log πk

+ n

p∑
j=1

{θ̂ML
j log θj + (1− θ̂ML

j ) log(1− θj)}

+ n

p∑
j=1

δj

[
K∑

k=1

π̂ML
k

{
θ̂ML
kj log

θkj
θj

+ (1− θ̂ML
kj ) log

1− θkj
1− θj

}]
.

If we maximize L(M) directly, all features will be selected.
That is not we expect. Next, the original L0-regularization
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Table 3. Results of Chinese document classification. The AMR and the corresponding SE values of five classification methods
(i.e., KNN, AdaB, RF, SVM and NB) based on full model (FULL) and three estimated models (by PC-SIS, L1NB and L0NB)

over 100 replications are reported in percentage. The AMS and the corresponding SE values of these models over 100
replications are also reported

AMR×102(SE×102)
KNN AdaB RF SVM NB AMS(SE)

FULL 22.4(2.5) 30.7(1.3) 5.8(0.3) 28.8(0.9) 5.6(0.3) 4778(0)
PC-SIS 32.5(14.3) 35.0(6.2) 19.2(17.9) 40.1(15.0) 19.1(18.1) 3058.6(2301.7)
L1NB 20.1(3.6) 30.7(1.3) 5.68(0.3) 27.65(1.8) 5.4(0.4) 4590.8(238.1)
L0NB 11.7(1.6) 30.7(1.3) 4.95(0.3) 9.61(0.7) 5.9(0.2) 289.0(14.6)

log-likelihood should be considered as Lo
p = L(M)−nλ|M|.

Subsequently, we can get the penalized maximum likelihood
estimators (PMLE) of all parameters by maximizing Lo

p.
One can easily check that the PMLE of πk, θkj and θj are
same as the MLE of them, because they are not dependent
on the regularization constant λ. Then estimate δ based on
these estimators. However, MLE is overfit, which leads to
serious trouble that L(M) maybe reach infinity. Thus, we
use the DTE instead and obtain the truncated log-likelihood
Lt(M) as

n

K∑
k=1

π̂k log π̂k + n

p∑
j=1

{θ̂j log θ̂j + (1− θ̂j) log(1− θ̂j)}

+n

p∑
j=1

δj

[
K∑

k=1

π̂k

{
θ̂kj log

θ̂kj

θ̂j
+ (1− θ̂kj) log

1− θ̂kj

1− θ̂j

}]
.

Hence we could work on the modified L0-regularization log-
likelihood Lp = Lt(M)− nλ|M| to select relevant features.

APPENDIX B. DERIVATION OF
L1-REGULARIZATION

Now, we derive the method of L1NB. As expected, the
true model can be estimated by M̂λ1 = {1 ≤ j ≤ p :∑

k |θ̃kj−
∑

k′ π̃k′ θ̃k′j | > 0}, after giving a regularization pa-

rameter λ1, where π̃k and θ̃kj are estimators by maximizing
the L1-penalized log-likelihood function (3), Denote Szk =∑

i Zik, Sxj =
∑

i Xij and Szxkj =
∑

i ZikXij . After some
simple mathematical derivations, we have π̃k = n−1Szk and

θ̃kj =
1

2
+

Ukj

2λ1

[
Szk − {(λ1 + UkjSzk)

2 − 4λ1UkjSzxkj}1/2
]

+(1− |Ukj |)(n−1Sxj − 0.5),

where Ukj = sign(Vkj	|Vkj |�) and Vkj = nλ−1
1 S−1

xj (n −
Sxj)

−1(nSzxkj − SzkSxj). Then, we can immediately have

θ̃kj = n−1Sxj if and only if nS−1
xj (n − Sxj)

−1|nSzxkj −
SzkSxj | ≤ λ1. Thus the true model can be estimated by

M̂λ1 =
{
1 ≤ j ≤ p : max

1≤k≤K
{|θ̃kj − n−1Sxj |} > 0

}
=

{
1 ≤ j ≤ p : max

1≤k≤K

{
n|nSzxkj − SzkSxj |

Sxj(n− Sxj)

}
> λ1

}
.

Nevertheless, Sxj can reach 0 with some positive probabil-
ity. To avoid zero probability estimates, the DTEs defined
in section 2.1 could be adopted here. Then we define Hj =

max1≤k≤K{nπ̂kθ̂
−1
j (1− θ̂j)

−1|θ̂kj− θ̂j |} as an approximation

of max1≤k≤K{nS−1
xj (n−Sxj)

−1|nSzxkj−SzkSxj |}, where π̂k,

θ̂kj and θ̂j =
∑

k π̂kθ̂kj are the DTEs. Thus the true model

can be estimated by M̂λ1 = {1 ≤ j ≤ p : Hj > λ1}. It’s not
hard to see that, although there exist infinitely many differ-
ent choices for λ1 on [0,∞), the resulting model M̂λ1 can
be only selected from finite nested candidate models. Con-
sequently, we adopt the same technique in section 2.3 and
select the resulting model by BIC-type criterion (2). Alter-
natively, one can also adopt the cross-validation method for
model selection. Some details are omitted here.

APPENDIX C. TECHNICAL LEMMAS

Lemma 1. Let (Xi)1≤i≤n ∈ {0, 1}n be independent and
identically distributed with P (Xi = 1) = β, where ν ≤
β ≤ 1 − ν and 0 < ν < 0.5. β̂ = max{n−1,min{1 −
n−1, n−1

∑
i Xi}} is an estimate of β. Then for any ε > 0

and sufficiently large n (≥ 0.5ν−1), we have P (|β̂ − β| >
ε) ≤ 2 exp(−2nε2).

Proof: By Hoeffding’s inequality, for any ε > 0,
P (|n−1

∑
i Xi − β| > ε) ≤ 2 exp(−2nε2). Next, under the

assumption ν ≤ β ≤ 1 − ν and n−1 ≤ β̂ ≤ 1 − n−1,
then |β̂ − β| ≤ |n−1

∑
i Xi − β| for n ≥ 0.5ν−1. Hence,

for any ε > 0 and sufficiently large n (≥ 0.5ν−1), we have

P (|β̂ − β| > ε) ≤ P (|n−1
∑

i Xi − β| > ε) ≤ 2 exp(−2nε2).

Lemma 2. Let β = (β1, · · · , βm)� ∈ Θ = Θ1 × · · · ×
Θm, where each Θj is a closed interval on R

1. β̂ =

(β̂1, · · · , β̂m)� ∈ Θ is an estimate of β. f(·) is a multivari-
ate function, with bounded first-order partial derivatives on
Θ. If for any ε > 0, P (|β̂j − βj | > ε) ≤ Cj1 exp(−Cj2nε

2),
where {Cj1, Cj2}1≤j≤m are some positive constants. Then
for any ε > 0, we have

P (|f(β̂)− f(β)| > ε) ≤ C1 exp(−C2nε
2),

where C1 and C2 are some positive constants.

Proof: By Lagrange’s mean value theorem, f(β̂)− f(β) =

(β̂ − β)�ḟ(β̃), where β̃ lies between β̂ and β, and ḟ(β̃) =

Feature screening for ultrahigh dimensional binary data 47



(ḟ1(β̃), · · · , ḟm(β̃))� is the gradient vector at β̃. Define ran-

dom events Aj = {|β̂j − βj | ≤ m−1M−1ε} for 1 ≤ j ≤ m,

and A = {|f(β̂)−f(β)| ≤ ε}, where M = max
j

sup
β∈Θ

{|ḟj(β)|}.

Then in event ∩Aj , we have

|f(β̂)− f(β)| ≤ mmax
j

{
|ḟj(β̃)|

}
max

j

{
|β̂j − βj |

}
≤ ε.

Hence we have ∩Aj ⊂ A. Subsequently, for any ε > 0,

P (Ac) ≤ P (∪Ac
j) ≤

m∑
j=1

P (Ac
j)

≤
m∑
j=1

Cj1 exp
(
− Cj2nm

−2M−2ε2
)
≤ C1 exp(−C2nε

2).

where C1 = mmaxj{Cj1}, C2 = m−2M−2 minj{Cj2}.
Lemma 3. Let 0 < ν < 1/3, for any (a, b) ∈ Ω = {(x, y) :
ν ≤ x ≤ 1− ν, ν ≤ y ≤ 1− ν, |x− y| ≥ ν}, then we have

ν log
1 + ν

1− ν
≤ a log

a

b
+(1−a) log

1− a

1− b
≤ (1−2ν) log

1− ν

ν
.

Proof: Let g(x, y) = x log(y−1x)+(1−x) log{(1−y)−1(1−
x)}. Thus, it is equivalent to compute the minimum and
maximum of g(x, y) on Ω. We then define two univariate
functions g0(x) = minν≤y≤1−ν,|x−y|≥ν{g(x, y)} and g1(x) =
maxν≤y≤1−ν,|x−y|≥ν{g(x, y)} on the domain [ν, 1 − ν]. Af-
ter some simple mathematical derivations, the analytical ex-
pressions of g0(x) and g1(x) can be obtained. Hence, it is not
hard to show that minν≤x≤1−ν{g0(x)} = ν log{(1−ν)−1(1+
ν)} and maxν≤x≤1−ν{g1(x)} = (1−2ν) log{ν−1(1−ν)}. De-
tails are omitted here for brevity.

APPENDIX D. PROOF OF THEOREM 1

In order to prove Theorem 1, firstly denote P (XijZik =
1) = πkθkj = μkj . Subsequently, θkj = π−1

k μkj , θj =
∑

k μkj

and μ̂kj = max{n−1,min{1 − n−1, n−1
∑

i ZikXij}}. To-
gether with π̂k = max{n−1,min{1 − n−1, n−1

∑
i Zik}} for

1 ≤ k ≤ K − 1 and π̂K = 1 −
∑K−1

k=1 π̂k, we can rewrite Ij
and Îj as follows,

Ij =

K∑
k=1

[
μkj log

μkj

πk

∑
k′ μk′j

+(πk − μkj) log
πk − μkj

πk − πk

∑
k′ μk′j

]
,

Îj =

K∑
k=1

[
μ̂kj log

μ̂kj

π̂k

∑
k′ μ̂k′j

+(π̂k − μ̂kj) log
π̂k − μ̂kj

π̂k − π̂k

∑
k′ μ̂k′j

]
.

By the conclusions of Lemmas 1 and 2, for any ε > 0 and
sufficiently large n (≥ 0.5ν−1), we have

P (|Îj − Ij | > ε) ≤ C1 exp(−C2nε
2),

where C1 and C2 are some positive constants. Next, let γ =√
2/C2, by Bonferroni’s inequality,

P
(
max

j
|Îj − Ij | > γ

√
log p/n

)
≤

p∑
j=1

P
(
|Îj − Ij | > γ

√
log p/n

)
≤ pC1 exp(−C2γ

2 log p) = C1 exp(− log p) → 0,

Consequently, we know that maxj |Îj−Ij | = OP (
√
log p/n).

By the boundedness assumption and Lemma 3, it is clear
that minj∈MT

Ij ≥ Kτν for some τ > 0 and Ij = 0 for
j /∈ MT . We then set λmax = Kτν. For 0 < λ < λmax and
log p = o(n), we have

P (M̂λ = MT ) = P
(

min
j∈MT

Îj > λ, max
j /∈MT

Îj < λ
)

≥ P
(

min
j∈MT

Îj > λ
)
+ P

(
max
j /∈MT

Îj < λ
)
− 1

≥ P
(

max
j∈MT

|Îj − Ij | < λmax − λ
)

+P
(

max
j /∈MT

|Îj − Ij | < λ
)
− 1

→ 1.

This completes the proof.

APPENDIX E. PROOF OF THEOREM 2

By the conclusion of Theorem 1, after given some appro-
priate regularization constant λ, we have P (MT ∈ M) → 1.
It implies that P (M(d0) = MT ) → 1, where d0 = |MT |
is the true model size. To get the conclusion of Theorem
2, the following inequality should be needed, P

(
MT ⊂

M̂
)
≥ P

(
MT ⊂ M̂

∣∣M(d0) = MT

)
P
(
M(d0) = MT

)
. Now,

the only thing left is P (BICM(d)
> BICM(d0)

) → 1 for
M(d) ⊂ M(d0) = MT .

By the BIC-type criterion (2) and the truncated log-
likehood Lt(M), we can obtain the difference of BIC values
between two models as

BICM(d)
−BICM(d0)

= 2
∑
j∈S

Îj − (d0 − d)(K − 1)
log n

n
,

where S = M(d0) \M(d). Subsequently, we know that

P
(
BICM(d)

≤ BICM(d0)

)
(4)

= P

(∑
j∈S

Îj ≤ (d0 − d)(K − 1)
log n

2n

)
.

By Bonferroni’s inequality, the right hand side of (4) can be
further bounded by

P

(
min
j∈S

Îj ≤ (K − 1)
logn

2n

)
(5)

48 G. Guan, N. Shan, and J. Guo



≤
∑
j∈S

P

(
Îj ≤ (K − 1)

log n

2n

)
.

Because M(d) ⊂ M(d0) = MT , then minj∈S Ij ≥ Kτν. For
sufficiently large n, (K − 1) logn/(2n) ≤ Kτν/2, the right
hand side of (5) can be bounded by∑

j∈S
P
(
Îj ≤ Ij −Kτν/2

)
(6)

≤
∑
j∈S

P
(∣∣Îj − Ij

∣∣ ≥ Kτν/2
)

≤ exp
{
log(d0 − d) + logC1 − C2n(Kτν/2)2

}
.

Under the assumption log p = o(n), the right hand side of
(6) converges towards 0, as n → ∞. Therefore, we have
P (BICM(d) > BICM(d0)

) → 1 for M(d) ⊂ M(d0) =
MT , which is equivalent to the screening consistency result
P (MT ⊂ M̂) → 1. The proof is completed.
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