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An L2-norm based ANOVA test for the equality of
weakly dependent functional time series

Jia Guo and Ying Chen
∗

We propose an L2-norm based test for testing the equal-
ity of the mean functions of k groups of weakly dependent
stationary functional time series. The proposed testing pro-
cedure is flexible and can be applied to both homoscedastic
and heteroscedastic cases. Under the null hypothesis, the
asymptotic random expression of the test statistic is a χ2-
type mixture, which is approximated by a two-cumulant and
a three-cumulant matched χ2 approximation methods, re-
spectively. Under a local alternative hypothesis, the asymp-
totic random expression is also derived and the test is shown
to be root-n consistent. Simulation studies are performed to
compare the finite sample performance of the proposed test
under various scenarios with alternatives e.g. an existing
FPCA based test and some respective ANOVA tests. It is
shown that the proposed test generally outperforms the al-
ternative tests in terms of empirical sizes and powers. Two
real data examples help to illustrate the implementation of
our test based on the US yield curves and Google flu trends,
respectively.

AMS 2000 subject classifications: Primary 62M10;
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Keywords and phrases: χ2-type mixture, Equality of the
mean functions, Root-n consistency.

1. INTRODUCTION

Functional data nowadays has been available in many
scientific fields including but not limited to economics, epi-
demiology, medicine and ergonomics. Statistical inference is
useful in exploring the stochastic relationship between two
or more data sets. We refer to Horváth and Kokoszka (2012)
and Zhang (2013) and references therein for detailed discus-
sions of functional data analysis. To evaluate the difference
between the mean functions of functional data, Ramsay and
Silverman (2005) extended the classical t-test and F-test to
the functional domain. The test statistics are constructed
pointwisely based on the finite discrete points of the func-
tional observations and thus consider partial information.
Faraway (1997) proposed an L2-norm bootstrap based test-
ing method integrating the pointwise test statistic over the
continuous functional domain. The null distribution of the
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test statistic was however not provided rather a bootstrap
method was applied. Zhang and Chen (2007) derived the
asymptotic null distribution of the L2-norm based test which
was a χ2-type mixture. With the help of functional princi-
pal component analysis (FPCA), Horváth et al. (2009) pro-
vided an alternative approach leading to a consistent testing
procedure that projects the functional data onto a finite-
dimensional space. Shen and Faraway (2004) and Zhang
(2011) studied a global F-test by analogy to the usual F-
test. For the functional two-sample problem, Zhang et al.
(2010b) applied the L2-norm based test to the two-sample
Behrens–Fisher problem and Zhang et al. (2010a) advocated
the use of the L2-norm distance in two-sample mean testing
problem. For the one-way ANOVA problem, Cuevas et al.
(2004) studied the L2-norm based test via bootstrap imple-
mentation and Zhang and Liang (2013) proposed another
F-test statistic via globalizing the pointwise F-test statistic.

All the above works assume that the functional sam-
ples are independent. However, sometimes there exists se-
rial dependence in functional observations which jeopar-
dizes the tests under independence in terms of type I error.
Hörmann and Kokoszka (2010) defined the m-dependence in
functional time series and examined the effects of weak de-
pendence on functional data analysis. Horváth et al. (2013)
proposed a two-sample mean testing method for functional
time series. Horváth and Rice (2015b) and Horváth and
Rice (2015a) studied the one-way ANOVA problem for
both independent functional samples and functional time
series.

The inference for weakly dependent functional time se-
ries are usually based on FPCA. In particular, by means of
projecting the functional samples into a finite d dimensional
space, the functional curves are transformed into multivari-
ate observations. A Wald type statistic is then used based on
the projected samples whose null distribution is asymptot-
ically a χ2 distribution with the degrees of freedom being
a function of d, where the value of d is generally chosen
by cumulative variance approach (Section 3.3 in Horváth
and Kokoszka 2012). It is worth noting the PCA based test
statistic is constructed on a reduced multivariate domain
that involves information loss. The cumulative variance ap-
proach chooses d based on the covariance only which has
the potential to overlook the PCs though with small vari-
ance essential on interpreting difference on mean functions.
Moreover, the test statistic depends on the inverse of the co-
variance matrix of the projected functional samples, which
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is not guaranteed to be invertible especially if the selected
number of functional PCs is larger than the total sample
size.

We propose a one-way ANOVA test for weakly depen-
dent functional time series based on the L2-norm. Instead
of employing FPCA to convert functional data from infinite
space to multivariate space, the test statistic is defined in
infinite space and involves no information loss and also no
need to select the number of PCs. The null distribution of
the proposed test is well approximated by a two-cumulant or
a three-cumulant matched χ2 approximation method. Com-
paring with the existing L2-norm tests which only consider
the covariance function, we take the autocovariance func-
tion into account. Thus the proposed test is appropriate
for both independent functional samples and weakly depen-
dent functional time series. We study two cases of the one-
way ANOVA problem. A homoscedastic case means depen-
dent curves in different groups share the same covariance
and autocovariance functions, while a heteroscedastic case
considers various covariances or autocovariances in different
groups. We show that the proposed test is root-n consis-
tent. Simulation studies demonstrate the finite sample per-
formance of the proposed test compared with the FPCA
test proposed in Horváth and Rice (2015b) and the existing
tests proposed for independent samples, see Zhang (2013)
and Horváth and Rice (2015a). It shows the proposed test
outperforms these alternatives under dependent data models
and under independent data models performs comparably to
the tests developed particularly for independent samples. As
an illustration, we implement the proposed test to macroe-
conomics and public health by analyzing the US yield curves
and the Google flu trends across four countries, respectively.

The rest of the paper is organized as follows. We present
the main results in Section 2 and simulation studies in Sec-
tion 3, respectively. Two real data examples are reported
in Section 4. Section 5 concludes. Appendix provides the
technical proofs of the main results.

2. MAIN RESULTS

We consider k groups of functional time series {yij(t), 1 ≤
i ≤ k, j ∈ Z, t ∈ T } defined on a continuous interval
T = [a, b], where Z denotes the set of integers. We assume
the functional time series is weakly stationary, i.e. at any
time point t, the mean, covariance and serial dependence
of the time series are constant within each group. On the
other hand, the associated statistics may not be the same
for different groups. Without loss of generality, we have

(1) yij(t) = μi(t)+εij(t), t ∈ T , 1 ≤ j ≤ ni and 1 ≤ i ≤ k,

where μi(t) is the mean function of the i-th group with
μi(t) ∈ L2(T ) and there are ni observations in group i.
Throughout this paper, L2(T ) denotes the Hilbert space
formed by all the squared integrable functions over T with
the inner-product defined as < f, g >=

∫
T f(t)g(t)dt,

f(t), g(t) ∈ L2(T ). And {εij(t), 1 ≤ j ≤ ni, 1 ≤ i ≤
k, t ∈ T } denote the k sequences of random error func-
tions exhibiting serial dependence with E{εij(t)} = 0 and∫
T E{ε2ij(t)}dt < ∞. Within each group i, there exists se-
rial dependence between εij(t), 1 ≤ j ≤ ni. Across different
groups, we assume that {εij(t), 1 ≤ j ≤ ni, t ∈ T } and
{εi′j(t), 1 ≤ j ≤ ni′ , t ∈ T }, i′ �= i, are independent.

Our interest is to test the equality of the k mean functions

H0 : μ1(t) = · · · = μk(t) = μ(t).

This is an ANOVA (analysis of variance) problem for func-
tional time series. If the k groups of samples share a com-
mon covariance function (exhibit homoscedasticity), under
the null hypothesis, all the k samples can be pooled to-
gether which simplifies the testing problem. Otherwise if
the underlying group covariance functions are different from
each other (exhibit heteroscedasticity), the problem be-
comes more involved because the difference of covariance
must be taken into consideration. We study the ANOVA
problem under both homoscedasticity and heteroscedastic-
ity with dependent functional time series characterized by
the following assumptions:

Assumption 1. We assume that {εij(t), 1 ≤ j ≤ ni, 1 ≤
i ≤ k} are L2 m-approximable functional processes.

The meaning of “L2 m-approximable functional process”
is as follows. We firstly suppose εij(t) is a function of a se-
quence of Bernoulli shifts, i.e., εij(t) = f(θij , θi(j−1), . . . ),
where θij are i.i.d. random elements in a measurable space
H and the measurable function f is a mapping from H∞

to L2(T ). In our study, we choose H = L2(T ). Let
{θ̃ij , 1 ≤ i ≤ k, j ∈ Z} be independent copies of
{θij , 1 ≤ i ≤ k, j ∈ Z} and we assume the condition

that
∑∞

m=1{E||εij(t) − ε
(m)
ij (t)||2}1/2 < ∞ where ε

(m)
ij (t) =

f(θij , . . . , θi(j−m+1), θ̃i(j−m), θ̃i(j−m−1), . . . ). This assumption
is used to approximate a stationary time series using finite
dependent random variables (see Ibragimov 1962, Hörmann
and Kokoszka 2010 and Aue et al. 2012).

It is important to consider weak dependence in time series
analysis. Rosenblatt (1956) introduced strong mixing condi-
tions, also see Doukhan (1994) and Bradley (2005) for the
derived properties. Doukhan and Louhichi (1999) proposed
a unified weak dependence condition based on the covariance
structure. Wu (2005) proposed the physical and predictive
dependence measures. However, m-dependence is a more di-
rect relaxation of independence, see Section 21 of Billings-
ley (1968) and Pötscher and Prucha (1997). In the func-
tional time series literature, Bosq (2012) developed the func-
tional auto-regressive (FAR) model. Hörmann and Kokoszka
(2010) proposed the m-approximable functional processes,
which is a general moment-based notion of dependence and
thus appropriate for functional time series that are not nec-
essarily to be linearly dependent. Aue et al. (2012) gave
various examples and applications of the moment-based de-
pendence structure.
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Throughout this paper, we assume the group sample sizes
tend to infinity proportionally, as in the following assump-
tion:

Assumption 2. As n → ∞, the k sample sizes satisfy
ni/n → τi, i = 1, . . . , k such that τ1, . . . , τk ∈ (0, 1) where

n =
∑k

i=1 ni denotes the total sample size.
We denote the estimators of the group mean functions

and the group covariance functions as

μ̂i(t) = ȳi(t) =
1

ni

ni∑
j=1

yij(t), 1 ≤ i ≤ k,

γ̂i0(s, t) =
1

ni

ni∑
j=1

{yij(s)− ȳi(s)}{yij(t)− ȳi(t)}, 1 ≤ i ≤ k.

Under the null hypothesis, the common mean function μ(t)
of the k samples is estimated by the pooled sample mean
function

μ̂(t) =
1

n

k∑
i=1

ni∑
j=1

yij(t) =
1

n

k∑
i=1

niμ̂i(t).

While for independent functional data, the only focus is
on the covariance functions γi0(s, t). For weakly dependent
functional time series, the autocovariance function is con-
sidered as well

γip(s, t) = E{εi0(s)εip(t)}, p ∈ Z
+.

By taking account of the serial dependence between the ran-
dom error functions {εij(t), j ∈ Z, t ∈ T }, the long run
covariance function is defined as

ci(s, t) = E{εi0(s)εi0(t)}

+

∞∑
p=1

[E{εi0(s)εip(t)}+ E{εi0(t)εip(s)}]

= γi0(s, t) +
∞∑
p=1

{γip(s, t) + γip(t, s)}.

The estimators of the autocovariance function and the long
run covariance function are respectively as follows

γ̂ip(s, t) = (ni − p)−1(2)

×
ni∑

j=p+1

{yij(s)− ȳi(s)}{yi(j−p)(t)− ȳi(t)},

0 ≤ p ≤ ni − 1,

ĉi(s, t) = γ̂i0(s, t) +

ni−1∑
p=1

K(
p

h
){γ̂ip(s, t) + γ̂ip(t, s)},(3)

where K(·) is a kernel function and h = h(n) is the smooth-
ing bandwidth. The estimator of the long run covariance

function (3) is inspired by the spectral analysis of scalar
time series. For univariate scalar time series, Grenander and
Rosenblatt (1953) and Parzen (1957) constructed estima-
tors of the spectral density function based on periodogram.
Although asymptotically unbiased, the periodogram estima-
tor of the spectral density function is not consistent. Ker-
nel based smoothed estimators overcome the inconsistency
problem of the periodogram estimator (Taniguchi and Kak-
izawa 2012), which is also applicable to the long run covari-
ance estimator (3).

To ensure the consistency of the estimators (2) and
(3), we need the following assumptions on the kernel func-
tion and bandwidth function, respectively, as imposed by
Horváth et al. (2013).

Assumption 3. The kernel function K(·) satisfies that
K(0) = 1, K(·) is continuous and bounded, and if g > c
for some c > 0, K(g) = 0.

Assumption 4. The bandwidth function h satisfies that
h(n) → ∞ and h(n)/n → 0 as the total sample size n → ∞.

We refer to Horváth et al. (2013), Horváth and Rice
(2015a) and Horváth et al. (2016) for the choice of the kernel
function and the bandwidth h.

2.1 Test statistic

It is obvious that μ̂i(t)− μ̂(t) estimates the difference be-
tween the individual mean function and pooled mean func-
tion. We use the L2-norm test statistic for the one-way
ANOVA problem of the weakly dependent functional data:

Tn =

k∑
i=1

ni

∫
T
{μ̂i(t)− μ̂(t)}2dt.

Note that Tn can be expressed as

Tn =

∫
T
zn(t)

�Mnzn(t)dt

where zn(t) = [zn1(t), . . . , znk(t)]
� with zni(t) =√

ni{μ̂i(t) − μ(t)}, i = 1, . . . , k and Mn = Ik − bnb
�
n /n

with bn = (n
1/2
1 , . . . , n

1/2
k )�. It is easy to verify that Mn is

an idempotent matrix with rank k − 1. The (i, j)-th entry
of Mn is

mn,ij =

{
1− ni/n, if i = j;

−√
ninj/n, if i �= j.

As n → ∞, we have Mn → M = (mij) : k × k, where

mij =

{
1− τi, if i = j;

−√
τiτj , if i �= j.

To better understand the test statistic, we will derive
the mean and variance of Tn under the null hypothesis.

Throughout this paper, denote
d−→ and

P−→ as conver-
gence in distribution and in probability, respectively, and
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let GP{μ(t), c(s, t)} and N (μ, σ2) represent a Gaussian pro-
cess with mean function μ(t) and covariance function c(s, t),
and a normal distribution with mean μ and variance σ2, re-
spectively. Define the trace of a bivariate function c(s, t) as

tr(c) =

∫
T
c(t, t)dt,

and the r-th power of c(s, t) as

c⊗r =

∫
T
· · ·

∫
T
c(s, u1)c(u1, u2) · · · c(ur−1, t)du1 · · · dur−1.

Lemma 1 derives the asymptotic mean and variance of Tn

under H0 which helps to study the asymptotic null distri-
bution of the test statistic for heteroscedastic populations.

Lemma 1. Under Assumptions 1, 2 and the null hypothesis

H0, as n → ∞, we have Tn
d−→ T0, where

E(T0) =

k∑
i=1

miitr(ci),

Var(T0) = 2

k∑
α=1

k∑
β=1

m2
αβtr(cα ⊗ cβ).

The null distribution of Tn can be approximated based on
the first two moments of the test statistic. Next we will show
how to conduct various ANOVA inferences for functional
time series with the homogeneous and heterogeneous long-
run covariances.

2.2 Main results for homoscedastic
populations

Throughout this subsection, we assume the k samples
share the same long-run covariance function, that is, the
following homoscedasticity assumption holds.

Assumption 5. We assume that all the long-run covariance
functions are the same, i.e., c1(s, t) = · · · = ck(s, t) = c(s, t).

If Assumption 5 is satisfied, the common long run covari-
ance function can be estimated by

(4) ĉ(s, t) =

k∑
i=1

ni/nĉi(s, t).

2.2.1 Approximate and asymptotic null distributions for ho-
moscedastic populations

Next we will show that for the homoscedastic one-way
ANOVA problem, the test statistic asymptotically follows
a χ2-mixture. Let χ2

d,δ denote a χ2 random variable with
degrees of freedom d and noncentral parameter δ, and when
δ = 0, we simply write χ2

d.

Theorem 1. Under Assumptions 1, 2, 5 and the null hy-

pothesis H0, as n → ∞, we have Tn
d−→ T0,

T0
d
=

∫
T
||z∗(t)||2dt d

=

q∑
r=1

λrAr,

where z∗(t) ∼ GPk−1(0, cIk−1), Ar ∼ χ2
k−1, r = 1, . . . , q are

independent, λr, r = 1, . . . ,∞ are the decreasing-ordered
eigenvalues of the common long run covariance function
c(s, t) with q being the number of all the positive eigenvalues
so that λq > 0 and λr = 0, r > q.

Remark 1. q can be finite or infinite. Infinite q means that
the common long run covariance function has infinite pos-

itive eigenvalues and the above theorem turns to T0
d
=∑∞

r=1 λrAr. Later in Theorem 4 we have Ar ∼ χ2
k−1,(λ−1

r δ2r)
,

where q is used to distinguish positive eigenvalues and 0. It
is worth noting that q is the number of positive eigenvalues
rather a hyperparameter to be chosen. As mentioned, the
proposed testing method involves no information loss and
also no need to choose hyperparameter e.g. the number of
PCs in the FPCA based methods.

Given that the asymptotic null distribution of Tn is the
same as that of a χ2-type mixture according to Theorem
1, we can approximate its distribution using the well-known
Welch–Satterthwaite χ2-approximation. That is, we approx-
imate T0 using that of a random variable

R1
d
= β1χ

2
d1

via matching the first two cumulants of T0 and R1. By some
simple algebra, we have

(5) β1 =
tr(c⊗2)

tr(c)
, d1 = (k − 1)

tr2(c)

tr(c⊗2)
.

Alternatively, we can also approximate the distribution
of T0 by that of a random variable of form R2 = β2χ

2
d2
+β0.

The parameters β2, d2 and β0 are determined via matching
the first three cumulants of T0 and R2. Then we get

(6)

β2 =
tr(c⊗3)

tr(c⊗2)
, d2 = (k − 1)

tr3(c⊗2)

tr2(c⊗3)

β0 =(k − 1){tr(c)− tr2(c⊗2)

tr(c⊗3)
}

The Welch–Satterthwaite χ2-approximation method has
been shown to be able to deliver good accuracy with
fast computation speed in the literature, including Sat-
terthwaite (1946), Welch (1947), Zhang (2005) and re-
cently by Zhang et al. (2015) in high-dimensional set-
tings. Zhang et al. (2015) provided the error bound of the
two-cumulant (2-c) Welch–Satterthwaite χ2-approximation

method which is O(M) + O(d−1
1 ) + O{(d∗)−1/2 − d

1/2
1 },

where M = tr(c⊗4)

(k−1)tr2(c⊗2)
and d∗ = (k−1)tr2(c⊗3)

tr3(c⊗2)
and
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Zhang (2005) offered the error bound of the three-cumulant
(3-c) matched Welch–Satterthwaite χ2-approximation, i.e.,
O(M) +O{(d∗)−1}.

Horváth et al. (2013), Horváth and Rice (2015b) and
Horváth and Rice (2015a) developed FPCA based tests
where an asymptotic χ2-approximation is also applied to
the null distribution. It is worth noting that the degrees of
freedom of the asymptotic χ2-distribution depends on the
number of dimensions selected. This limitation may cause
not only loss of information but also low power problem of
their test as we will demonstrate in the simulation studies.
In addition, the selected number of dimensions cannot be
larger than the sample size due to the requirement of in-
vertibility of sample covariance matrix in the test statistic.

2.2.2 Implementation for homoscedastic populations

For the given samples, we obtain the following naive es-
timators of β1 and d1 via replacing c(s, t) with its estimator
ĉ(s, t) as given in (4) in the expression (5):

(7) β̂1 =
tr(ĉ⊗2)

tr(ĉ)
, d̂1 =

tr2(ĉ)

tr(ĉ⊗2)
.

Similarly, for the three-cumulant matched χ2-
approximation, we get the estimators of β2, d2 and
β0 via replacing c(s, t) in (6) with ĉ(s, t) given in (4), and

we denote the estimators as β̂2, d̂2 and β̂0, respectively.
Let χ2

d(α) denote the upper α-quantile of a central χ2

distribution with degrees of freedom d, we show that these
naive estimators converge in probability to their underlying
true values, in the sense that the estimated upper α-quantile
converges to the theoretical upper α-quantile. The following
assumption is used in Horváth et al. (2013) to prove the
consistency of the long run covariance functions.

Assumption 6. lim m→∞m{E||εij(t)− ε
(m)
ij (t)||2}1/2 = 0.

The relationship between Assumption 6 and Assumption
1 can be found in Horváth et al. (2013). There are many ex-
amples of functional time series satisfying both assumptions,
such as the functional autoregressive process presented in
Hörmann and Kokoszka (2010).

Theorem 2. Under Assumptions 1–6, as n → ∞, we have

β̂1
P−→ β1, d̂1

P−→ d1, β̂2
P−→ β2, d̂2

P−→ d2 and β̂0
P−→ β0.

In addition, we have Ĉα
P−→ Cα where Ĉα = β̂1χ

2
d̂1
(α) (or

β̂2χ
2
d̂2
(α)+β̂0) is the estimated critical value of Tn and Cα =

β1χ
2
d1
(α) (or β2χ

2
d2
(α) + β0) is the approximate theoretical

critical value of Tn.

2.3 Extension to heteroscedastic populations

In the previous section, we study the homoscedastic
ANOVA for functional time series. In this section, we con-
tinue the ANOVA problem when the underlying population
long-run covariance functions are heterogeneous.

2.3.1 Two-sample heteroscedastic case

We firstly consider a two-sample case. Given group num-
ber k = 2, we show the χ2-mixture representation of
T0 under heteroscedasticity. Note the test statistic Tn =∑2

i=1 ni

∫
T {μ̂i(t)− μ̂(t)}2dt = n1n2

n

∫
T {μ̂1(t)− μ̂2(t)}2dt =∫

T P 2
n(t)dt where Pn(t) =

√
n1n2

n {μ̂1(t)− μ̂2(t)} is the piv-
otal test function for this two-sample problem that measures
the mean difference between the two groups. We calculate
the mean and covariance of Pn(t),

E{Pn(t)} =

√
n1n2

n
{μ1(t)− μ2(t)},

Cov{Pn(s), Pn(t)} =
n2

n
c1(s, t) +

n1

n
c2(s, t).(8)

Theorem 3. Under Assumptions 1, 2 and the null hypoth-

esis H0, when k = 2, as n → ∞, we have Tn
d−→ T0,

where T0
d
=

∑q
r=1 λrAr with Ar ∼ χ2

1 and λr, r = 1, . . . ,∞
are the decreasing-ordered eigenvalues of Cov{Pn(s), Pn(t)}
with q being the number of all the positive eigenvalues so
that λq > 0 and λr = 0, r > q.

Similar to the k-sample homoscedastic case we studied in
Section 2.2, we approximate the distribution of T0 by that
of a random variable of form R1 = β1χ

2
d1

or R2 = β2χ
2
d2
+β0

in this two-sample case. The associated parameters are de-
termined via matching the first two cumulants of T0 and
R1 or first three cumulants of T0 and R2. Then the pa-
rameters β1, d1, β2, d2, β0 can be obtained by (5) and
(6) via replacing the common long run covariance with
Cov{Pn(s), Pn(t)} given in (8). Similarly, we obtain the pa-
rameter estimators via replacing c(s, t) in (5) and (6) with

Ĉov{Pn(s), Pn(t)} = n2

n ĉ1(s, t) +
n1

n ĉ2(s, t) where ĉi is de-
fined in (3). Furthermore, the consistency can also be ob-
tained by similar argument as the proof of Theorem 2 under
Assumptions 1–4 and 6.

2.3.2 k-sample heteroscedastic case

For a general case when k > 2, under heteroscedasticity,
it is noted the first two cumulants of T0 given in Lemma
1 holds for k > 2 under heteroscedasticity. Inspired by
the approximate χ2-mixture representation derived in the
k-sample case under homoscedasticity and heteroscedastic
two-sample case, and also the two-cumulant (2-c) matched
χ2-approximation can be implemented as long as the first
two cumulants of T0 are available, we can similarly approx-
imate the distribution of T0 by that of a random variable
of form R1 = β1χ

2
d1
. The associated parameters are deter-

mined via matching the first two cumulants of T0 and R1.
Based on Lemma 1, we have

β1 =
Var(T0)

2E(T0)
, d1 =

2E2(T0)

Var(T0)
,

where E(T0) and Var(T0) are given in Lemma 1. Estima-
tors of β1 and d1 can be obtained by plugging ĉi defined
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in (3) into E(T0) and Var(T0). The consistency results of
the associated parameters and estimated critical value are
straightforward under Assumptions 1–4 and 6.

2.4 Approximate and asymptotic powers of
a local alternative hypothesis

To study the asymptotic power of the proposed test, we
specify the following local alternative

(9) H1n : μi(t) = μ(t) + n
−1/2
i di(t), i = 1, . . . , k,

where μ(t) is the common mean function and d(t) =
[d1(t), . . . , dk(t)] is a vector of fixed functions, which is inde-
pendent from n. The local alternative is of particular interest
as it will tend to the null hypothesis H0 in a root-n rate and
hence it is difficult to detect. In this section, we derive the
alternative distribution of the proposed test under the ho-
moscedastic case. Next we will discuss the root-n consistency
property for the test statistic under both homoscedastic and
heteroscedastic cases.

Theorem 4. Under Assumptions 1, 2, 5 and the alternative

hypothesis, as n → ∞, we have Tn
d−→ T1,

T1
d
=

∫
T
||z∗1(t)||2dt

d
=

q∑
r=1

λrAr +

∞∑
r=q+1

δ2r ,

where z∗
1(t) ∼ GPk−1{(Ik−1,0)U

�d(t), cIk−1}, Ar ∼
χ2
k−1,λ−1

r δ2r
, r = 1, . . . , q are independent, λr, r = 1, . . . ,∞

are the decreasing-ordered eigenvalues of the common long
run covariance c(s, t), φr(t), r = 1, . . . ,∞ are the asso-
ciated eigenfunctions, δ2r = ||

∫
T (Ik−1,0)U

�d(t)φr(t)dt||2,
r = 1, . . . , q, with q being the number of all the positive
eigenvalues so that λq > 0 and λr = 0, r > q.

Theorem 5. Under Assumptions 1–4 and the alternative
hypothesis, as δ2 =

∑k
i=1

∫
T d̃2i (t)dt → ∞, where d̃i is the

i-th component of d̃(t) = Mnd(t), the proposed L2-norm
based test has asymptotic power 1, i.e., Pr(Tn > Ĉα) → 1

where Ĉα can be β̂1χ
2
d̂1
(α) or β̂2χ

2
d̂2
(α) + β̂0.

Theorem 4 derives the asymptotic alternative distribu-
tion of the test statistic under homoscedasticity. When
d(t) = 0, we have δ2r = 0 and Theorem 4 then reduces
to Theorem 1. And Theorem 5 shows that the asymptotic
power of the proposed test will tend to 1 as long as the infor-
mation provided by d(t) diverges. Thus, the proposed test
enjoys root-n consistency property under both homoscedas-
ticity and heteroscedasticity.

In summary, we present a new testing procedure for the
ANOVA problem for functional time series based on squared
L2-norm. When the underlying population long run covari-
ance functions are homogeneous, the asymptotic null dis-
tribution of the test statistics is a χ2-type mixture. The
proposed test is conducted by means of the 2-c and 3-c

matched Welch–Satterthwaite χ2 approximation methods.
The method also applies for the two-sample case when the
underlying population long run covariance functions are het-
erogeneous. Although the approximate χ2-mixture represen-
tation is not easy to derive for multi-sample (k > 2) het-
eroscedastic case, the 2-c χ2 approximation method is still
applicable and thus the proposed test can be conducted.
In terms of power study, the asymptotic alternative dis-
tribution under homoscedasticity is illustrated. Regardless
whether under homoscedasticity and heteroscedasticity, the
root-n consistency property of the test statistics is provided.
Compared with the existing tests proposed for independent
samples, our proposed test is applicable to both independent
and dependent functional data. In contrast to the FPCA
based test proposed in Horváth and Rice (2015a), the pro-
posed test involves no information loss and also no need to
specify the number of PCs.

3. NUMERICAL SIMULATIONS

In this section, we perform simulations to investigate the
finite sample performance of the proposed tests under known
data generating process. We compare the empirical sizes and
powers of the proposed tests with the FPCA based methods
proposed in Horváth and Rice (2015b) under various sce-
narios with both homoscedastic and heteroscedastic serially
dependent functional data. To demonstrate the advantage of
utilizing appropriate tests for weakly dependent functional
data, we also generate independent functional samples and
investigate the performance of the L2-norm based tests and
FPCA based tests; see references Zhang (2013) and Horváth
and Rice (2015a), respectively. For easy reference, the con-
sidered tests are named as follows:

• L2OM2d and L2OM3d: the L2-norm based tests
with the two-cumulant (2-c) or three-cumulant (3-
c) matched Welch–Satterthwaite χ2-approximation for
the homoscedastic populations developed in our study
where “d” stands for weakly dependent functional sam-
ples,

• L2TM2d: the L2-norm based test with the 2-c matched
χ2-approximation for the heteroscedastic populations
developed in this study,

• HRO3d, HRO4d and HRO5d: the FPCA based meth-
ods for the homoscedastic populations with the first
three, four and five functional principal components se-
lected, proposed by Horváth and Rice (2015b),

• HRO.9d: the FPCA based method with some d so that
90% of the sample variance can be explained by the
first d principal components, proposed by Horváth and
Rice (2015b),

• HRT3d, HRT4d, HRT5d and HRT.9d: similar FPCA
based methods for the heteroscedastic populations pro-
posed by Horváth and Rice (2015b).

For the tests proposed for independent functional data, we
change the last letter “d” of the above notations to “i”, i.e.,
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L2OM2i, L2OM3i and L2TM2i proposed by Zhang (2013)
and HRO3i, HRO4i, HRO5i, HRO.9i, HRT3i, HRT4i, HRT5i
and HRT.9i proposed by Horváth and Rice (2015a). We also
study the finite sample performance of the result stated in
Theorem 5 to show how the power function of the proposed
test changes as the difference of the sample mean functions
of the k groups changes.

In the simulation studies, in total k = 3 groups of
functional time series are generated following the dynamics
yij(t) = μi(t) + εij(t) as specified in (1). The mean func-
tions are specified as μ1(t) = c1 + c2t + c3t

2 + c4t
3 with

c = (1, 2.3, 3.4, 1.5)� and μi(t) = μ1(t) + (i − 1)ωΔμ(t),

i = 2, . . . , k with Δμ(t) =
∑L

r=1 uiφi(t) where u =
(u1, . . . , uL) = (1, . . . , L)/||(1, . . . , L)||, φ1(t), . . . , φL(t) are
the generated Fourier basis functions with L = 21. The pa-
rameter ω controls the differences between the means of dif-
ferent groups and Δμ(t) controls the direction of these dif-
ferences. The functional time series are sampled discretely at
J = 100 evenly spaced design time points within T = [0, 1].
In particular, we use 49 Fourier bases to smooth the data
and convert discretely simulated data into functional ob-
jects, before applying the FPCA based method proposed in
Horváth and Rice (2015b).

Note here we only considered an ideal situation that
the functional data are observed densely without any mea-
surement errors. However, in practice, data curves may be
observed with missing values and measurement errors. In
such case, the observed curves should be reconstructed be-
fore conducting the tests; see, e.g., Ramsay and Silverman
(2005), Ch.4, Zhang and Chen (2007), and Zhang (2013),
Ch.3, for discussions of methods for reconstructing func-
tional data. Additional simulations with a modified data
generating model by taking missing values and measure-
ment errors into consideration, and adopting a regression
spline reconstruction of the curves, are presented in the sup-
plementary material (http://intlpress.com/site/pub/pages/
journals/items/SII/content/vols/0012/0001/s003).

To conduct the L2-norm based test via Welch–
Satterthwaite χ2-approximation, we need to calculate the
estimator of the long run covariance ĉ. Its value depends on
the choice of the kernel function K(·) and the bandwidth
function h. For simplicity, we choose the flat top kernel

K∗(t) =

⎧⎪⎨⎪⎩
1, 0 ≤ t < 0.1;

1.1− |t|, 0.1 ≤ t < 1.1;

0, |t| ≥ 1.1;

recommended by Politis and Romano (1996) and h = n
1/3
i .

3.1 Simulation HOM

In Simulation HOM (HOMoscedasticity), we compare the
proposed L2-norm based tests with the above-mentioned ex-
isting methods under homoscedasticity. The random error
functions εij(t), i = 1, . . . , k, j = 1, . . . , ni are generated
from the following three models:

• Model IID: εij(t) = ηij(t), j = 1, . . . , ni, i = 1, . . . , k,
where ηij(t)’s are i.i.d. Brownian bridges;

• Model AR: εij(t), j = 1, . . . , ni, i = 1, . . . , k is a func-
tional AR(1) process, i.e.,

εij(t) =

∫ 1

0

K(t, s)εi(j−1)(s)ds+ ηij(t),

where K(t, s) = exp{−(t2+s2)/2}
4
∫ 1
0
exp(−x2)dx

is the kernel function

and ηij(t)’s are i.i.d. Brownian bridges.
• Model MA: εij(t), i = 1, . . . , k, j = 1, . . . , ni is a func-

tional MA(1) process, i.e.,

εij(t) =

∫ 1

0

K(t, s)ηi(j−1)(s)ds+ ηij(t),

where K(t, s) and ηij(t)’s are the same as in Model AR.

All above models generate homoscedastic populations with
Model IID generating independent functional samples and
Models AR and MA generating dependent functional sam-
ples.

We study the impact of sample size on the tests’ per-
formance by specifying four cases of sample sizes: n1 =
(50, 60, 70), n2 = (100, 120, 110), n3 = (200, 220, 240) and
n4 = (300, 360, 320). The null hypothesis is rejected if the
calculated p-value of a testing procedure is smaller than the
nominal significance level α = 5%. We repeat the above
process 10, 000 times. The empirical sizes or powers of the
testing procedures are computed as the percentages of re-
jection in the 10, 000 runs. To assess the performance of a
test in maintaining the type I error, we define the average
relative error as ARE = 100S−1

∑S
i=1 |α̂i − α|/α, where α

is the significance level (5% here) and α̂i, i = 1, . . . , S de-
note the empirical sizes under consideration. A smaller ARE
value indicates better overall performance of the associated
test in terms of maintaining the nominal size.

Table 1 gives the empirical sizes (in percentages) of our
L2-norm based tests and the existing tests under different
settings of sample sizes and data models. For easy recogni-
tion, the names of our L2-norm based tests are marked in
bold in the table. In addition, the best (smallest) ARE value
is marked in bold and the second best ARE value is under-
lined. In general, the L2OM3d test, i.e., the proposed L2-
norm based test with 3-c matched Welch–Satterthwaite χ2-
approximation for the homoscedastic populations, has the
smallest ARE value of 38.18 i.e. it outperforms the other
tests. Among the tests constructed for dependent functional
data, the sizes of the tests designed for homoscedastic case
are comparable. As sample size increases, their empirical
sizes become better. Note that the FPCA based tests are
less stable, for example, under Model AR with sample size
n3, when increasing the number of functional principal com-
ponents selected, the HRO4d test improves the empirical
size of HRO3d test from 7.05 to 6.85 while the HRO5d test
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worsens from 6.85 to 7.04. It implies choosing a larger d can-
not always improve the results of the FPCA based tests. For
the tests designed for heteroscedastic case, the L2TM2d test,
i.e., the proposed L2-norm based test with the 2-c matched
χ2-approximation for the heteroscedastic populations, is su-
perior with the second smallest ARE value of 40.72 while
the empirical sizes of the heteroscedastic FPCA based tests
are quite inflated. For the tests constructed for indepen-
dent functional data, we can see that under the independent
scenario, i.e., Model IID, the empirical sizes of the respec-
tive ANOVA tests constructed for independent samples are
around the nominal size 5%. However, for the AR and MA
models, their empirical sizes are too inflated and unaccept-
able. In general, those tests have better performance under
the independent scenario but perform quite poorly for the
dependent data.

Table 2 compares empirical powers. The column of ω rep-
resents the difference of mean functions. It shows that L2-
norm based tests outperform the FPCA based methods re-
gardless whether the methods are constructed for dependent
or independent functional data. Most of the empirical pow-
ers of the L2-norm based tests are above 70%, that are much
higher than those of the FPCA based methods with values
smaller than 20%. In Model IID, the empirical powers of the
proposed L2OM2d, L2OM3d and L2TM2d tests are slightly
higher than those of the L2OM2i, L2OM3i and L2TM2i
tests given that the empirical sizes of L2OM2d, L2OM3d
and L2TM2d tests are slightly inflated as shown in Table 1.
Similarly for Models AR and MA, the slightly higher empir-
ical powers of the L2OM2i, L2OM3i and L2TM2i tests are
not so informative because of their inflated empirical sizes.

3.2 Simulation HET

Simulation HET (HETeroscedasticity) is conducted to
demonstrate the effect of heteroscedasticity. In the het-
eroscedastic scenarios, ηij(t) are generated by the following
model:

ηij(t) = b�
ijΨ(t), t ∈ [0, 1],(10)

bij = [bij1, . . . , bijq]
�, bijr

d
=

√
λirzijr, r = 1, . . . , q,

whereΨ(t) = [φ1(t), . . . , φq(t)]
� is a vector of q orthonormal

basis functions, λir = ρr−1
i , r = 1, . . . , q for 0 < ρ < 1 and

zijr, r = 1, . . . , q, j = 1, . . . , ni, i = 1, . . . , k
i.i.d.∼ N (0, 1).

We let ρ1 = 0.1, ρ2 = ρ3 = 0.9 and q = 21. We use
the same three models considered in Simulation HOM via
replacing the i.i.d. Brownian bridges ηij(t) by the newly
constructed ηij(t) defined in (10). For simplicity, we only
consider two cases of sample sizes n1 = (50, 150, 150) and
n2 = (100, 300, 300).

Table 3 shows the empirical sizes of our L2-norm based
tests and the existing tests under the heteroscedastic sce-
nario. The homoscedastic tests, including the L2-norm based

tests and the FPCA based tests constructed for both depen-
dent and independent functional data, are rather conserva-
tive in this case, indicating that these tests are inappropri-
ate. On the other hand, the proposed L2TM2d test reaches
to the smallest ARE with slightly inflated sizes under all
the three models. When increasing the sample sizes, its em-
pirical size tends to the nominal significance level. On the
contrary, the tests HRT3d, HRT4d and HRT5d based on
FPCA have conservative sizes and HRT.9d test has quite
inflated sizes especially under the small sample size. As
expected, the tests L2TM2i, HRT3i, HRT4i, HRT5i and
HRT.9i only have good performance under Model IID which
is reasonable given that these tests are designed for indepen-
dent functional data. Under Model IID, their empirical sizes
are conservative especially for the HRT.9i test. Again it is
found that the FPCA based tests are not stable, choosing
larger d or increasing the sample size may not always lead
to better results. In terms of powers, Table 4 indicates that
L2TM2d and L2TM2i tests have comparably high powers
and outperform the other tests. However, the high power of
L2TM2i test may due to the inflated sizes. Similar to ho-
moscedastic case in Simulation 1, our L2-norm based tests
outperform the FPCA based methods regardless whether
the methods are constructed for dependent or independent
functional data.

In general, when the generated functional data exhibit
serial dependence and share the same long run covariance
function, the L2OM3d test performs best under different set-
tings of sample sizes and data models. And when the depen-
dent data have different long run covariance functions, the
L2TM2d test outperforms the other tests. In contrast, the
L2OM3i test only has best performance when the generated
functional data are independent and homoscedastic and the
L2TM2i test only outperforms the other tests when the gen-
erated functional data are independent and heteroscedastic.
If there exists serial dependence in the generated data, the
empirical sizes of L2OM3i and L2TM2i are quite inflated
and unacceptable. Although the FPCA based tests some-
times have good empirical sizes, they are not stable and
quite powerless under the simulation settings presented in
this paper. Additionally, the FPCA based tests need the se-
lection of the functional principal components and they offer
different results when choosing different numbers of FPCs.

4. REAL DATA ANALYSIS

We implement the proposed test to two real data exam-
ples of the US yield curves and Google flu data. The US
yield curve data contains the monthly interest rates over 27
years with different maturities. We would like to test the
equality of various time period to see whether there is a
monetary policy change in terms of level. And the Google
flu trends dataset records estimates of weekly influenza ac-
tivity for more than 25 countries over 13 years. Similarly,
we are curious about whether different time periods have
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Table 1. Empirical sizes (in percentages) of our L2-norm based tests and the existing tests under homoscedasticity

Tests for dependent functional data Tests for independent functional data
Homoscedastic Heteroscedastic Homoscedastic Heteroscedastic

Model n L2OM2d L2OM3d HRO3d HRO4d HRO5d HRO.9d L2TM2d HRT3d HRT4d HRT5d HRT.9d L2OM2i L2OM3i HRO3i HRO4i HRO5i HRO.9i L2TM2i HRT3i HRT4i HRT5i HRT.9i

IID

n1 7.83 7.47 8.35 8.93 8.98 8.86 7.51 12.04 14.24 17.15 16.89 5.65 5.41 6.29 6.15 6.10 6.07 5.58 7.04 7.33 7.82 8.07
n2 6.66 6.28 7.14 7.78 7.99 7.77 6.42 8.90 10.44 11.77 11.81 5.41 5.06 5.57 5.79 5.59 5.40 5.35 5.93 6.56 6.29 6.26
n3 5.73 5.42 6.31 6.26 6.20 6.32 5.53 7.33 8.02 8.44 8.59 4.76 4.40 5.23 5.13 5.08 5.02 4.71 5.31 5.60 5.41 5.37
n4 5.89 5.58 6.14 6.35 6.27 6.10 5.82 6.78 7.47 8.24 8.08 5.27 4.91 5.35 5.33 5.51 5.40 5.23 5.35 5.65 5.77 5.71

ARE 30.55 23.75 39.70 46.60 47.20 45.25 26.40 75.25 100.85 128.00 126.85 7.85 5.80 12.20 12.00 11.40 9.45 7.25 18.15 25.70 26.45 27.05

AR

n1 9.91 9.55 9.57 9.61 10.19 9.54 9.69 13.20 15.20 18.37 15.37 15.68 15.06 12.92 12.46 12.21 12.11 15.43 14.19 13.71 13.96 14.03
n2 8.38 8.10 7.82 8.02 8.56 8.09 8.16 9.67 11.12 12.58 11.20 15.33 14.75 12.14 11.40 11.28 11.06 15.24 12.42 12.58 12.50 12.23
n3 7.10 6.89 7.05 6.85 7.04 6.79 6.97 8.04 8.31 9.34 8.30 15.29 14.64 11.87 11.13 10.72 10.26 15.19 12.12 11.39 11.26 10.78
n4 6.54 6.21 6.42 6.42 6.65 6.44 6.44 7.52 7.78 8.70 7.80 14.98 14.28 11.95 11.10 10.81 10.57 14.87 12.15 11.40 11.11 11.00

ARE 59.65 53.75 54.30 54.50 62.20 54.30 56.30 92.15 112.05 144.95 113.35 206.40 193.65 144.40 130.45 125.10 120.00 203.65 154.40 145.40 144.15 140.20

MA

n1 8.73 8.35 8.96 9.22 9.37 9.01 8.43 12.51 14.72 17.39 15.25 12.42 11.87 10.48 10.06 9.48 9.23 12.25 11.55 11.53 11.42 11.46
n2 7.35 6.98 7.73 7.78 8.10 7.72 7.11 9.82 10.93 12.40 11.45 12.02 11.46 9.94 9.81 9.14 8.94 11.94 10.65 10.38 10.08 9.96
n3 6.67 6.30 7.07 7.24 7.08 6.96 6.44 8.13 8.65 9.12 8.66 12.83 12.09 10.13 9.56 9.00 8.51 12.69 10.27 9.84 9.45 9.01
n4 6.05 5.78 6.42 6.68 6.40 6.37 5.91 7.35 7.86 8.11 7.73 12.03 11.57 9.53 9.15 8.46 8.27 11.99 9.63 9.34 8.86 8.60

ARE 44.00 37.05 50.90 54.60 54.75 50.30 39.45 89.05 110.80 135.10 115.45 146.50 134.95 100.40 92.90 80.40 74.75 144.35 110.50 105.45 99.05 95.15

ARE 44.73 38.18 48.30 51.90 54.72 49.95 40.72 85.48 107.90 136.02 118.55 120.25 111.47 85.67 78.45 72.30 68.07 118.42 94.35 92.18 89.88 87.47

Table 2. Empirical powers (in percentages) of our L2-norm based tests and the existing tests under homoscedasticity

Tests for dependent functional data Tests for independent functional data
Homoscedastic Heteroscedastic Homoscedastic Heteroscedastic

Model n ω L2OM2d L2OM3d HRO3d HRO4d HRO5d HRO.9d L2TM2d HRT3d HRT4d HRT5d HRT.9d L2OM2i L2OM3i HRO3i HRO4i HRO5i HRO.9i L2TM2i HRT3i HRT4i HRT5i HRT.9i

IID

n1 0.07 90.67 89.22 9.01 10.89 13.32 13.87 89.00 12.59 17.00 22.82 23.80 87.81 85.53 6.14 8.06 9.02 11.61 86.83 7.34 9.56 10.93 13.86
n2 0.05 82.25 80.13 8.11 9.78 11.36 12.69 80.67 10.28 12.98 16.21 18.03 76.87 73.86 6.15 7.56 7.85 10.78 76.40 6.60 8.22 8.78 11.97
n3 0.04 99.24 98.92 6.85 9.59 10.46 12.88 99.11 8.55 11.63 13.69 16.57 99.87 99.77 5.91 8.09 7.85 12.91 99.88 6.23 8.52 8.64 13.87
n4 0.03 87.60 85.29 6.61 7.91 8.81 11.00 86.86 7.49 9.35 10.95 13.80 86.80 83.58 5.45 6.94 7.13 11.05 86.56 5.63 7.26 7.47 11.56

AR

n1 0.08 83.26 81.87 10.07 12.95 15.53 12.94 81.82 14.25 19.30 24.96 19.67 99.69 99.53 13.29 15.31 15.41 18.84 99.63 14.40 17.20 18.05 22.04
n2 0.06 78.85 77.06 8.53 10.99 12.88 11.21 77.19 10.68 14.85 18.07 15.18 99.90 99.83 12.81 14.55 14.36 18.60 99.88 13.37 15.63 15.80 20.06
n3 0.04 65.11 62.78 7.41 9.94 10.69 9.83 64.07 8.74 11.88 13.77 11.94 99.68 99.48 12.59 14.58 13.85 17.86 99.67 13.04 15.04 14.49 18.51
n4 0.04 97.38 96.85 7.19 10.42 11.35 10.28 97.15 8.12 11.76 13.52 11.67 100.00 100.00 12.88 15.32 14.46 20.84 100.00 12.92 15.65 14.81 21.31

MA

n1 0.09 98.21 97.86 9.99 13.25 17.30 14.14 97.61 13.55 19.87 27.41 21.54 100.00 100.00 11.10 14.48 14.94 19.46 100.00 12.31 16.36 17.06 22.17
n2 0.07 99.42 99.28 8.34 12.18 15.03 12.86 99.27 10.83 15.64 20.85 17.19 100.00 100.00 10.70 13.76 13.98 19.94 100.00 11.29 14.85 15.05 21.56
n3 0.04 73.69 71.40 7.14 9.32 10.33 9.45 72.68 8.22 11.15 13.20 11.65 99.61 99.33 10.05 12.23 11.58 15.71 99.54 10.26 12.71 11.93 16.15
n4 0.04 99.47 99.29 6.76 9.89 11.21 10.24 99.39 7.75 11.54 13.42 12.18 100.00 100.00 10.02 12.96 12.47 18.73 100.00 10.15 13.17 12.99 19.34
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Table 3. Empirical sizes (in percentages) of our L2-norm based tests and the existing tests under heteroscedasticity

Tests for dependent functional data Tests for independent functional data
Homoscedastic Heteroscedastic Homoscedastic Heteroscedastic

Model n L2OM2d L2OM3d HRO3d HRO4d HRO5d HRO.9d L2TM2d HRT3d HRT4d HRT5d HRT.9d L2OM2i L2OM3i HRO3i HRO4i HRO5i HRO.9i L2TM2i HRT3i HRT4i HRT5i HRT.9i

IID
n1 0.67 0.64 0.56 0.43 0.34 0.20 6.13 2.95 3.13 3.54 16.36 0.46 0.43 1.67 1.45 1.04 0.00 5.57 4.30 4.10 4.22 0.77
n2 0.54 0.49 0.75 0.64 0.44 0.09 5.30 2.78 2.76 3.09 5.51 0.50 0.50 1.74 1.36 1.11 0.01 4.95 4.10 3.99 4.20 0.34

ARE 87.90 88.70 86.90 89.30 92.20 97.10 14.30 42.70 41.10 33.70 118.70 90.40 90.70 65.90 71.90 78.50 99.90 6.20 16.00 19.10 15.80 88.90

AR
n1 1.65 1.53 0.96 0.79 0.59 0.33 7.21 3.68 3.75 4.09 15.14 2.93 2.79 5.44 4.20 3.32 0.10 11.75 9.68 8.79 8.45 1.82
n2 1.52 1.46 1.23 0.85 0.71 0.11 6.29 3.57 3.50 3.57 6.00 2.92 2.71 6.53 4.75 3.77 0.05 11.97 10.58 9.56 8.97 0.81

ARE 68.30 70.10 78.10 83.60 87.00 95.60 35.00 27.50 27.50 23.40 111.40 41.50 45.00 19.70 10.50 29.10 98.50 137.20 102.60 83.50 74.20 73.70

MA
n1 1.60 1.43 1.09 0.67 0.59 0.38 6.44 3.73 3.90 4.12 15.06 2.13 2.02 3.95 3.03 2.60 0.08 9.68 7.90 7.26 7.11 1.32
n2 1.30 1.21 1.32 1.00 0.66 0.23 6.10 3.43 3.48 3.42 5.93 2.13 2.03 5.04 3.60 2.87 0.07 9.81 8.69 7.77 7.22 0.73

ARE 71.00 73.60 75.90 83.30 87.50 93.90 25.40 28.40 26.20 24.60 109.90 57.40 59.50 10.90 33.70 45.30 98.50 94.90 65.90 50.30 43.30 79.50

ARE 75.73 77.47 80.30 85.40 88.90 95.53 24.90 32.87 31.60 27.23 113.33 63.10 65.07 32.17 38.70 50.97 98.97 79.43 61.50 50.97 44.43 80.70

Table 4. Empirical powers (in percentages) of our L2-norm based tests and the existing tests under heteroscedasticity

Tests for dependent functional data Tests for independent functional data
Homoscedastic Heteroscedastic Homoscedastic Heteroscedastic

Model n ω L2OM2d L2OM3d HRO3d HRO4d HRO5d HRO.9d L2TM2d HRT3d HRT4d HRT5d HRT.9d L2OM2i L2OM3i HRO3i HRO4i HRO5i HRO.9i L2TM2i HRT3i HRT4i HRT5i HRT.9i

IID
n1 0.26 55.69 54.22 0.53 0.54 0.60 1.83 92.70 5.24 7.36 11.26 82.56 52.02 51.06 2.00 1.73 1.58 0.44 92.76 6.34 7.89 11.09 61.20
n2 0.20 74.56 73.35 1.15 1.04 0.87 1.42 98.26 6.03 8.63 12.62 83.66 73.19 72.22 2.35 1.89 1.82 0.46 98.38 7.43 9.09 13.07 70.63

AR
n1 0.28 60.06 57.80 1.49 1.19 0.98 2.27 91.57 7.68 10.02 14.12 86.30 75.65 74.58 6.12 4.89 4.21 1.26 98.15 13.92 15.83 19.31 77.58
n2 0.20 60.04 57.41 1.78 1.37 1.18 1.67 91.38 7.11 10.21 13.98 83.14 78.29 77.34 7.22 5.74 5.22 0.92 98.55 14.76 15.69 19.35 75.08

MA
n1 0.28 62.49 60.21 1.07 1.02 0.90 2.21 92.80 6.66 9.33 13.92 86.49 74.11 73.06 4.62 3.58 3.26 1.10 98.06 11.83 13.07 17.24 76.35
n2 0.20 63.40 61.42 1.46 1.19 1.09 1.66 94.00 6.98 9.55 13.50 84.10 77.25 76.17 5.41 4.31 4.11 0.78 98.55 12.68 14.11 17.71 74.71
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Figure 1. The monthly interest rates of different maturities
for four groups.

equality in terms of public health (influenza). The obser-
vational curves are constructed using linear interpolation.
Those curves within each population can be seen as func-
tional time series. Testing whether there is a level shift in
multiple groups is a commonly encountered problem. To
solve this problem, our proposed test and the FPCA based
test proposed in Horváth and Rice (2015b) are applied to
the two real data examples and provide convincing statisti-
cal results. It is shown that our proposed test is preferred in
practice due to its consistency and easy implementation.

4.1 US yield curve data

In this section, we consider a real data example of the US
yield curve data which was previously studied in Chen and
Niu (2014). This dataset records the monthly interest rates
from January 1983 to September 2010 with maturities of 3,
6, 9, 12, 18, 24, 30, 36, 48, 60, 72, 84, 96, 108 and 120 months.
According to the National Bureau of Economic Research
(NBER), there were three recessions during the sample pe-
riod: namely 1990:7–1991:3, 2001:3–2001:11 and 2007:12–
2009:6. We thus divide the whole dataset into 4 groups.
Samples within the months of the recessions are discarded.
The sample sizes of the 4 groups are n1 = 90, n2 = 119,
n3 = 72, n4 = 15, respectively. Our interest is to compare
the equality of the level of interest rates in the four periods.
Figure 1 displays the monthly yield curve of interest rates
against different maturities for all the 4 groups. It implies
that the mean functions of the four groups are not identical.
The functional samples within each group are obtained by
separating a long continuous time record into monthly ob-
servations. So it is natural to assume that there exists serial
weak dependence in the monthly yield curves. The sample
autocorrelation functions of lag(1) for the four groups are
displayed in Figure 2. Clearly, samples within each group
are not independent, so the tests developed for independent

Figure 2. The sample autocorrelation functions of lag(1) for
four groups.

Table 5. P-values of our L2-norm based tests and the FPCA
based tests applied to the US yield curve data

Methods All 1 vs 2 2 vs3 3 vs 4

L2OM2d 1.99e-61 6.93e-20 6.31e-16 3.75e-04
L2OM3d 1.04e-55 2.06e-18 1.65e-14 4.46e-04

L2TM2d 4.26e-46 1.66e-16 1.09e-15 1.09e-15
L2TM3d - 1.60e-15 2.33e-14 2.33e-14

HRO3d 2.23e-04 2.21e-02 1.09e-02 2.32e-01
HRO4d 4.09e-05 2.07e-02 1.82e-02 2.84e-01
HRO5d 1.22e-08 4.08e-02 1.41e-02 1.42e-03
HRO.9d 5.60e-05 1.43e-02 1.09e-02 2.60e-01

HRT3d 6.33e-33 4.79e-02 4.55e-03 3.22e-02
HRT4d 4.95e-52 4.60e-02 7.43e-03 4.54e-02
HRT5d 4.79e-101 8.45e-02 3.52e-03 2.63e-07
HRT.9d 1.91e-29 2.82e-02 4.55e-03 1.57e-02

functional data are not appropriate. In our study, we use
the proposed L2OM2d, L2OM3d, L2TM2d, L2TM3d tests
and the FPCA based tests proposed in Horváth and Rice
(2015b).

The number of Fourier bases for the FPCA based tests,
the kernel function and the bandwidth function for estimat-
ing the long run covariance function are the same as those
used in simulation studies. Table 5 shows the p-values of
our L2-norm based tests and the existing tests applied to
the US yield curve data. For space saving, we conduct four
different group comparisons, one is all the four group, one is
comparing Group 1 and Group 2, one is comparing Group
2 and Group 3, and another one is comparing Group 3 and
Group 4. The results shown in Table 5 are consistent with
the three recessions identified by NBER and Figure 1. Most
of the p-values are less than 5% showing that the associ-
ated tests reject the null hypothesis. On the other hand,
some FPCA based methods have p-values larger than the
significance level 5%. In addition to the economic aspect
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Figure 3. The yearly influenza activity estimates for two
groups of Brazil and Switzerland.

of defining the three recessions, we provide an evidence of
the three recessions via the significant results given by the
proposed tests.

On the other hand, the FPCA based tests give us a mis-
leading result of not rejecting the null hypothesis (with sig-
nificance level 5%) if a wrong number of functional principal
components is chosen. However, there is no standard method
for selecting that number. Compared with their method, our
proposed tests give consistent results and do not need any
FPCA selecting procedure which is a big advantage.

4.2 Google flu trends data

The google flu trends dataset contains estimates of weekly
influenza activity for more than 25 countries from the year
2002 to the year 2015 based on Google search queries. The
data are available at http://www.google.org/flutrends. For
space saving, only the countries Argentina, Brazil, Germany

Figure 4. The sample autocorrelation functions of lag(1) for
two groups of Brazil.

Figure 5. The sample autocorrelation functions of lag(1) for
two groups of Switzerland.

and Switzerland are considered in our study. A primary ex-
amination of the raw data shows that the mean influenza
activity from 2011 to 2014 is lower than that from 2004 to
2010 for some countries. Our interest is testing the mean in-
fluenza activity differences of this two periods. We consider
yearly influenza activity curves as samples, and the curves
of the years 2004–2010 as the first group, the curves of the
years 2011–2014 as the second group, then the statistical
problem of interest is to test the mean difference of these
two groups. Take Brazil and Switzerland as an illustration,
Figure 3 shows the yearly influenza activity estimates of the
two countries. It is seen that there may exist mean differ-
ence of the two groups of Brazil while the mean functions of
the two groups of Switzerland may be the same. Since the
samples of yearly influenza activity are obtained by dividing
records over 11 years into yearly observations, the samples
may exhibit serial dependence. Figures 4 and 5 give the sam-
ple autocorrelation functions of lag(1) for the two groups of
Brazil and Switzerland. Clearly, samples within each group
are dependent functional time series.

Since we have a quite small sample size for the second
group, we only consider the FPCA based tests with the first
one, two and three functional principal components selected.
Table 6 gives the testing results for the four countries Ar-
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Table 6. P-values of our L2-norm based tests and the FPCA
based tests applied to the Google flu trends data

Methods Argentina Brazil Germany Switzerland

L2OM2d 1.59e-03 2.86e-04 6.64e-02 3.45e-01
L2OM3d 1.90e-03 4.53e-04 6.58e-02 3.30e-01

L2TM2d 5.29e-05 7.36e-07 1.96e-02 3.13e-01
L2TM3d 9.99e-05 3.01e-06 2.29e-02 2.94e-01

HRO1d 5.91e-03 6.35e-04 4.59e-01 5.93e-01
HRO2d 6.12e-03 1.45e-03 5.55e-02 2.76e-01
HRO3d 8.02e-07 3.50e-07 1.15e-01 4.61e-01
HRO.9d 6.12e-03 1.45e-03 1.15e-01 2.76e-01

HRT1d 1.31e-03 9.21e-06 3.68e-01 5.48e-01
HRT2d 9.83e-04 1.58e-05 1.80e-02 3.91e-01
HRT3d 2.22e-09 4.90e-08 2.09e-02 5.74e-01
HRT.9d 9.83e-04 1.58e-05 2.09e-02 3.91e-01

gentina, Brazil, Germany and Switzerland. All tests suggest
that there is significant influenza activity difference between
the two periods for Argentina and Brazil and suggest that
there is no significant difference for Switzerland. The results
for Germany are not consistent. Tests without assuming ho-
moscedasticity, i.e., L2TM2d, L2TM3d and HRT2d, HRT3d,
HRT.9d think the difference is significant, while tests assum-
ing homoscedasticity, i.e., L2OM2d, L2OM3d and HRO1d,
HRO2d, HRO3d, HRO.9d are not so sure. However, the re-
sults without assuming homoscedasticity are more reliable
because homoscedasticity is not a very realistic assumption
in practice and is difficult to verify, especially when sample
sizes are small as in this example. Besides, the p-values of
L2OM2d, L2OM3d and HRO2d are close to the significance
level 0.05, which also implies that there is at least some
difference between the means of the two periods.

From this example, it also can be seen that FPCA based
tests depend on the selection of d, which can affect the p-
values a lot. When d is too small, these two tests are unable
to detect the mean difference, and choosing a larger d may
not always increase the power of these two tests.

5. CONCLUSION

For the mean testing problem of k groups of weakly de-
pendent stationary functional time series, we propose an L2-
norm based test which can be applied to both homoscedas-
tic and heteroscedastic cases and enjoys root-n consistency
property. Simulation studies and real data analysis show
that the proposed test generally outperforms the alterna-
tive tests in terms of empirical sizes and powers. One pos-
sible extension of this paper is to consider the covariance
testing problem of two or multi groups of functional time
series.

ACKNOWLEDGEMENT

This work is supported by Singapore Ministry of Educa-
tion Academic Research Fund Tier 1 and Institute of Data

Science at National University of Singapore. The first au-
thor also would like to thank Professor Wen-Lung Shiau,
advanced data analysis center (PLS-SEM of Zhejiang Uni-
versity of Technology) for his help on this research.

Received 24 February 2018

REFERENCES
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Horváth, L., Kokoszka, P., and Reeder, R. (2013). Estimation of
the mean of functional time series and a two-sample problem. Jour-
nal of the Royal Statistical Society: Series B (Statistical Methodol-
ogy), 75(1):103–122. MR3008273
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of mean curves. Revista Matemática Complutense, 28(3):505–548.
MR3379038
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